Electronic structure of low dimensional semiconductor systems by Gulseren, Oguz
STRUCTURE OF У
âl®  ï B ï  m шші ттш
»  r a M ï  » M a r i '
M ршіш шштт ші ш  іттшттп 
ш і  ш  т ш ё  ш  
M & ÿ m  т  г ш ш » т
"j Í 11?2ί ü  ύ L  S  Ь Й  ^
1 vi 5-7Wk. V ; w w __
ELECTRONIC STRUCTURE OF LOW DIMENSIONAL 
SEMICONDUCTOR SYSTEMS
A THESIS
SUBMITTED TO THE DEPARTMENT OF PHYSICS 
AND THE INSTITUTE OF ENGINEERING AND SCIENCE 
OF BILKENT UNIVERSITY
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS 
FOR THE DEGREE OF 
DOCTOR OF PHILOSOPHY
By
Oguz Giilseren 
July 1992
tarafi:;dan t
(UÜİlİG
Λ
■6|l / (з
'S 3
с /
1 certify that I have read this thesis and that in my 
opinion it is fully adequate, in scope and in quality, as a 
dissertation for the degree of Doctor of Philosophy.
Prof. Dr. Salim Çıracı (Supervisor)
I certify that I have read this thesis and that in my 
opinion it is fully adequate, in scope and in quality, as a 
dissertation for the degree of Doctor of Philosophy.
I certify that I have read this thesis and that in my 
opinion it is fully adequate, in scope and in quality, as a 
dissertation for the degree of Doctor of Philosophy.
Prof. Dr. Metin Durgut
I certify that I have read this thesis and that in my 
opinion it is fully adequate, in scope and in quality, as a 
dissertation for the degree of Doctor of Philosophy.
. S '.
Prof. Dr. Şinasi Ellialtioğlu
I certify that I have read this thesis and that in my 
opinion it is fully adequate, in scope and in quality, as a 
dissertation for the degree of Doctor of Philosophy.
Prof. Dr. M. Cemal Yalabık
Approved for the Institute of Engineering and Science;
Prof. Mehmet Bar ay,
Director of Institute of Engineering and Science
Abstract
ELECTRONIC STRUCTURE OF LOW DIMENSIONAL 
SEMICONDUCTOR SYSTEMS
Oğuz Gülseren 
Pli. D. in Physics 
Supervisor: Prof. Dr. Salim Çıracı 
July 1992
Recent progress made in the growth techniques has led to the fabrication of the 
artificial semiconductor systems of lower dimension. Electrons and holes in these 
materials have quantization different from those of the three dimensional systems 
presenting unusual electronic properties and novel device applications. In this 
work, the important features of the free carriers in semiconductor superlattices 
are examined, and the electronic structure of some novel 2D semiconductor 
systems are investigated theoretically. This thesis studies various systems of 
lower dimensionality such as: the strained Si/Ge superlattices, i-doping. Si (100) 
surface and the tip-sample interaction in scanning tunneling microscopy (STM) 
study of this surface, and Wannier-Stark localization in finite length superlattices.
The electronic energy structure of pseudomorphic Ge„i/Si„ superlattices is 
investigated by using the empirical tight binding method. Effects of the band 
offset, sublattice periodicity and the lateral lattice constant on the transition 
energies have been investigated. It is found that Ge„i/Si„ superlattices grown on 
Ge (001) can have a direct band gap, if m + n =  10 and m =  6. However, optical 
matrix elements for in-plane and perpendicular polarized light are negligible for
the transition from the highest valence band to the lowest conduction band state 
at the center of the superlattice Brillouin zone.
The electronic structure of the Si i-layer in germanium is explored by using 
the Green’s function formalism with layer orbitals. We found two dimensional 
parabolic subbands near the band edges. This approach is extended to treat the 
electronic structure of a single quantum well without invoking the periodically 
repeating models. Quantum well formation in Ge,„Si„ superlattices is also studied 
by using different number of ^-layers. Subband structure is observed by changing 
the height of the Si quantum well.
The confinement of acoustical modes within 2DEG due to only the electron- 
phonon interaction is proposed. The confined modes split out from the bulk 
phonons, if the 2DEG is created by means of modulation doping. This occurs 
even if the lattice has uniform parameters. The effect is more pronounced when 
the wave vector q of the modes increases and is maximum a,t q =  2kp {kp is the 
Fermi wave vector). In the case of several electron sheets the additional features 
of the confinement effect appear.
Green’s function method is also applied to treat the modifications of electronic 
state density in STM. The tip-sample interaction in STM study of Si (100) surface 
is explored by calculating the Gieen’s function within the empirical tight binding 
method. Both of the proposed reconstruction models, buckled and symmetrical 
dimer model, is investigated. A dip occurs in the change of density of states of 
surface atoms at the energy of surface states for small tip-sample distances, and it 
decreases with increasing tip-sample separation. Although, in-plane tip position 
(above the up- or down-surface atom) affects the surface atoms differently in 
buckled dimer model, it influences the surface atoms symmetrically in symmetric 
dimer model.
Recent experimental studies revealed the significant information on the 
Wannier-Stark localization. Following these experimental results, the Wannier- 
Stark ladder is investigated by carrying out numerical calculations on a multiple 
quantum well structure under an applied electric field. The variation of 
the Wannier-Stark ladder energies and localization of the corresponding wave
II
function are examined for a wide range of applied electric field. Our results show 
that Wannier-Stark ladder do exist for finite but periodic system which consists 
of a large number of quantum well having multi-miniband structure. It is found 
that the miniband states are localized in the well regions with the applied electric 
field, while the continuum states preserve their extended character. Energies of 
the well states show a linear shift with the electric field except the small field 
values in which a nonlinear shift is resulted. Multiband calculations show that 
there is a mixing between the different band states although they are localized 
in different well regions.
K eywords: Superlattice, quantum well, mismatch, strained superlattice, 
deformation potential, optical transition, empirical tight 
binding method. Green’s function, layer orbital, ^-doping, 
acoustical phonon confinement, electron-phonon interaction, 
scanning tunneling microscopy, tip-sample interaction, surface 
reconstruction, Wannier-Stark ladder, Wannier-Stark localiza­
tion.
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DUŞUK BOYUTLU YARIİLETKEN SİSTEMLERİN 
ELEKTRONİK YAPISI
Oğuz Gülseren 
Fizik Doktora
Tez Yöneticisi: Prof. Dr. Salim Çıracı 
Temmuz 1992
Büyütme tekniklerindeki son geli.şmeler düşük boyutlu yapay yarıiletken 
sistemlerinin üretimini sağlamıştır. Bu malzemelerde bulunan serbest elektron 
ve boşluklar üç boyutlu sistemlerdekine göre farklı bir kuantumlaşma ile 
alışılmamış elektronik özellikler göstererek yeni aygıt uygulama alanlarına yol 
açmaktadırlar. Bu çalışmada, yarıiletken süperörgülerindeki serbest taşıyıcıların 
önemli nitelikleri anlatıldı ve bazı 2 boyutlu yarıiletken sistemlerin elektronik 
yapısı kuramsal olarak incelendi. Bunlar gerilmiş Si/Ge süperörgüleri, 8- 
katkılama, Si (100) yüzeyi ve bu yüzeyin tarama tünelleme mikroskobu ile 
incelenmesinde ki uç-örnek etkileşimleri ve sınırlı uzunluktaki süperörgülerde 
Wannier-Stark yerelleşmesi olarak sıralanabilir.
Gerilmiş Ge„ı/Si„ süperörgüleriiiin elektronik yapısı, denemesel sıkı bağlanma 
yöntemi kullanılarak çalışıldı. Kuşak süreksizliği, alt-örgü periyodu ve yatay 
örgü değişmezinin geçiş enerjileri üzerine etkileri incelendi. m +  n =  10 ve rn =  6 
iken Ge (001) üzerine büyütülmüş Ge„ı/Si„ süperörgülerinin direk kuşak aralığı 
olabileçeği bulundu. Öte yandan, süperörgü Brillioun bölgesinin merkezinde, en 
yüksek değerlilik kuşağından en düşük iletkenlik kuşağına olan geçişlerin düzlem
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içi veya dik polarize olmuş ışık için optik matris elemanlarmm çok küçük olduğu 
bulundu.
Germanyum içindeki Si ¿-tabakasının elektronik yapısı tabaka orbitalleri ile 
yazılmış Green fonksiyonu ile incelendi. Kuşak kenarlarında iki boyutlu parabolik 
alt-kuşaklar bulundu. Bu yaklaşım, periyodik yinelenen modelleri kullanmadan 
tek kuantum kuyusunun elektronik yapısını hesaplamak için de geliştirildi. 
Değişik sayıda ¿-tabakası kullanarak Ge,„Si„ süperörgülerinde kuantum kuyusu 
oluşumu çalışıldı. Silisyum kuantum kuyusunun yüksekliği değiştirilerek alt- 
kuşak yapısı gözlendi.
iki boyutlu elektron gazında (2BEG), sadece elektron-fonon etkileşiminden 
dolayı akustik modların sınırlanması öne sürüldü. Örneğin modulasyon katkılama 
gibi bir yolla yaratılan 2BEG’da sınırlanmış modlar düzgün örgü özelliklerinde 
bile bulk fononlarmdan ayrılırlar. Bu etki, modların dalga vektörü q ile artar 
ve <7 =  2kp {kp Fermi dalga vektörüdür) iken en yüksek olur. Birçok elektron 
tabakası bulunduğu durumda sınırlanma etkisinin değişik özellikleri gözükür.
Si (100) yüzeyinin tarama tünelleme mikroskobu ile incelenmesi ve uç.-örnek 
etkileşimleri Green fonksiyonu yöntemi ile araştırıldı. Kuşak hesaplamalarında 
denemesel sıkı bağlanma metodu kullanıldı. Asimetrik ve simetrik dimer 
yüzey yeniden yapılanına modellerinin her ikiside incelendi. Küçük uç-örnek 
uzaklıklarında, yüzey atomlarının durum yoğunluklarının değişiminde, SN, yüzey 
durum enerjilerinde bir düşme gözlendi. Bu düşme, uç-örnek uzaklığı artıkça 
azaldı. Uç atomunun aşağıdaki veya yukarıdaki yüzey atomunun üzerinde olması 
AA^’ni asimetrik dimer modelinde farklı etkilerken, simetrik dimer modelinde 
simetrik bir değişim gözlendi.
Son deneysel çalışmalar Wannier-Stark yerelleşmesi üzerinde önemli bilgiler 
vermiştir. Bu çalışmaları göz önüne alarak, elektrik alan uygulanmış süperörgü 
yapılarında sayısal hesaplamalar ile Wannier-Stark merdiveni incelendi. Geniş 
bir elektrik alan aralığında, Wannier-Stark merdiveni enerjilerinin değişimi ve 
karşılık gelen dalga fonksiyonlarının yerelleşmesi araştırıldı. Sonuçlarımız, çok 
sayıda kuantum kuyusu ve çok kuşak içeren sınırlı periyodik sistemlerde Wannier- 
Stark merdiveninin bulunduğunu gösterdi. Mini-kuşak durumlarının elektrik
alan uygulanmasıyla kuantum kuyularında yerelleştiği bulundu. Bu durumların 
enerjileri elektrik alanı ile doğrusal bir kayma gösterdi. Fakat, küçük alan 
değerlerinde doğrusal olmayan bir kayma bulundu. Çok kuşak hesaplamaları, 
değişik kuyu bölgelerinde sınırlanmalarına karşın değişik kuşak durumlarının 
karıştığını göstermiştir.
Anahtar
sözcükler: Süperörgü, kuantum kuyusu, örgü uyuşmazlığı, gerilmiş 
süperörgüler, deformasyon potensiyeli, optik geçişler, den- 
emesel sıkı bağlanma yöntemi, Green fonksiyonu, tabaka 
orbitali, i-katkılama, akustik fonon sınırlanması, elektron- 
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Wannier-Stark yerelleşmesi.
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Preface
Low dimensional systems in Condensed Matter Physics have led several novel 
features with interesting applications in electronic technology. It is hoped that 
microelectronics, photonics and computer technology will benefit extensively from 
the recent progress made in this field.
In this thesis, the electronic structure of some 2D semiconductor systems is 
investigated theoretically. This study includes the electronic structure of strained 
Si/Ge superlattices and ^-doping, tip-sample interaction in scanning tunneling 
microscopy of Si (100) surface, and Wannier-Stark localization in finite length 
superlattices.
The organization of this thesis is as follows. In Chapter 1, important aspects 
of condensed systems of lower dimensions are outlined. Chapter 2 is devoted 
to the electronic structure of strained Si/Ge superlattices. Green’s function and 
perturbation theory is reviewed in Chapter 3, and then it is used in the study of 8- 
doping and tip-sample interaction in STM of Si(lOO) surface. A new confinement 
effect of acoustical modes in the presence of ¿-doping is proposed in Chapter 3. 
Electric field effects on finite length superlattices is investigated in Chapter 4. A 
brief conclusion is given in Chapter 5.
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Chapter 1
Novel Features of the Condensed 
System of Lower Dimensionality
1.1 Properties of Multilayer Semiconductor 
Systems
The novel properties discovered in the electron systems of lower dimensionality’ ”  ^
have created a major impact in physics and electronics. The properties of a 
condensed system are strongly dependent on its d im ensionality .P rogress 
in growth techniques made it possible to produce various systems with lower 
dimensionality. Lower dimensionality indicates a system with an effective 
dimension less than three, such as 2D, ID or OD. Effective dimension 7i means that 
the carriers are free to move in n dimensions while their motion is constrained in 
remaining (3 — n) dimensions.
Quantum well wires which have diameters of the order of 10“  ^m is an example 
of ID electron systems. In such a wire structure, the electrons are confined to 
move along the direction of wire while the motion normal to the wire is quantized 
in the remaining two dimensions. Sakaki’’ pointed out that the electrons can 
exhibit very high mobilities because of the suppression of the elastic scattering 
by ionized impurities in GaAs-Gai.^-ALAs quantum wires.
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Figure 1.1: Quantum well structure and real space energy band structure
Two dimensional (2D) electron systems are the ones in which the components 
of the system are free to move in two spatial dimensions, but have their motion 
constrained in the third dimension. In other words, the electrons or holes have 
quantized energy levels for one spatial dimension, but are free to move in two 
spatial dimension. Thus, the wave vector is a good quantum number for two 
dimensions, but not for the third one.
The junctions between insulators and semiconductors such as Si:Si02, semi­
conductor heterostructures and semiconductor superlattices can be considered as 
examples of 2D systems. A simple picture of a semiconductor heterostructure, 
say Gai_xAliAs-GaAs-Gai_a;Ali-As (or semiconductor superlattice), has been 
described within an effective mass approximation (see figure 1.1). For example, 
the GaAs sublattice having lower conduction band and higher valence band edges 
as compared to the adjacent Gai-^ AU-As sublattice can be viewed as a potential 
well (or multiple potential wells). In this ca.se, the depths of these quantum wells 
for the motion of electrons and holes become discontinuities in the conduction 
and valence band, respectively. Excess carriers, i.e. electrons or holes confined 
in this ID potential well are assumed to have a free particle like character in
a plane perpendicular to the confinement direction, and display a quasi two 
dimensional (2D) behavior/ They have quantization different from those of the 
three dimensional (3D) systems, which leads to new effects such as the normal 
and fractional quantum Hall effects. Several novel features in these superlattice 
structures, which are of significant importance in device applications, have 
recently been discovered. For example, by using modulation doping techniques it 
is now possible to confine the impurities in the barrier region and carriers in the 
wells so that scattering by the impurity centers is avoided. In this way, carrier 
mobilities at low temperature have been increased enormously, and the response 
times of devices have been lowered down to picoseconds. Currently, the study 
of the properties of carriers of lower dimensions has been a major effort of the 
fundamental and applied research. In addition to these, many other systems show 
two dimensional character such as intercalated graphite and thin films.
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M o l e c u l a r  B e a m  E p i t a x y
Advances in epitaxial growth techniques, especially molecular beam epitaxy 
(MBE), have made possible the preparation of structures with superlattice 
periodicity ranging from a few tens of nanometer down to the width of a 
monolayer.*’^  Epitaxy is the growth of layers of semiconductor materials on 
a substrate with perfect continuity of lattice planes through all interfaces. MBE 
also leads to highly controlled characteristics such as chemical composition, 
dopant concentration and profile, as well as thickness uniformity. Under ultra- 
high vacuum (UHV) conditions, thermal atomic and molecular beams are directed 
to the heated single crystal substrate. Co-evaporated constituent elements of 
the epitaxial layer and dopants react chemically with the heated crystalline 
substrate. Due to the slow growth rate of 1 monolayer/second, changes in 
composition and doping can be abrupt on the atomic scale. For the cost of UHV 
(clean environment) and slow growth rate we get precisely processed atomic scale 
heterostructures.
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Figure 1.2: Subband structure and density of states in 2D systems 
Q u a n t i z e d  L e v e l s  a n d  S u b b a n d  St r u c t u r e
Since the effective mass Schrödinger equation leading to the envelope function 
has a ID potential along the z-direction (which is perpendicular to the layers) 
it can be separable for the spatial coordinates lying in the growth planes (xy- 
plane) and in the z-direction. The solution in the xy-plane have free electron 
eigenstates. The solution in the direction perpendicular to the layers leads to a 
set of discrete energy levels. Then the energy eigenstates are
D — Ell T
2m' :{K  +  K )
( 1.1)
where and ky are the wave vector components for motion parallel to the 
surface and the En are the electronic quantum levels arising from confinement 
in the potential well. The confined electron states form subbands, which are 
identified by their minimum values, E„ (n=l,2,3,...) as shown in figure 1.2. If the 
potential barriers are wide enough, the interaction between the states confined 
in adjacent wells is negligible. So the solutions are considered as quantum well 
states. In contrast, the interaction between wells in a periodic structure causes 
the discrete quantum levels of widely spaced wells to be replaced by a series 
of energy bands called minibands of superlattices. The widths of these energy 
bands increase as the width and height of the potential barrier decrease. The 
superlattice periodicity gives rise to a new, smaller Brillouin zone in the k^
direction. Certainly, this is a very simplified picture of the confined states, which 
assumes parabolic conduction and valence bands of the parent semiconductors 
and wide quantum wells. Advanced theories have to be used to treat the electronic 
structure accurately, and to resolve its crucial feature, however.
Q u a n t u m  H a l l  E f f e c t
One of the interesting properties seen in 2D systems is the quantum Hall effect, 
integer or f r a c t i o n a l . K .  von Klittzing performed the Hall experiment on 
a silicon field effect transistor in which the free electrons are confined within 
a thin layer. He found that behaviour of the electrical resistance and the 
Hall resistance were dramatically different from the ordinary Hall measurements 
when the devices are cooled down to ~  O^ K and placed in a strong magnetic 
field. The Hall resistance, instead of increasing steadily and linearly with 
the strength of the magnetic field, exhibits a series of plateaus, and becomes 
quantized to values where i/ is an integer. Electrical resistance drops to 
zero in the same interval of the magnetic field, where the Hall resistance exhibits 
plateaus. In a two dimensional electron system a magnetic field perpendicular 
to the plane of electrical confinement leads to a new quantization which yields 
sharp Landau levels separated by the cyclotron energy fiUc. A quantized Hall 
resistance is resulted if the carrier density (which is usually assumed to be fixed 
in measurements) and the magnetic field are adjusted in such a way that the 
filling factor 1/ of the energy levels is an integer. In a GaAs/AlAs heterojunction 
fractional values are also observed.
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E x c t t o n s
Excitons in a system of lower dimensions exhibit also unusual behaviours. 
Excitons in semiconductors do not survive at room temperature, because their 
binding energies are too small and thus become ionized by thermal phonons. In 
quantum well structures with widths smaller than the Bohr radius, the structure 
of excitons are modified. Confined exciton flattens and shrinks. Compression on
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Donor
Figure 1.3: Energy band diagram for n-doped (modulation doped) superlattices
the exciton increases the binding energy and hence stabilizes the structure. This 
stability makes the observation at the room temperature possible. The room 
temperature excitonic resonances in a quantum well structure offers a convenient 
way of making use the large, intensity dependent adsorption and reflection effects. 
Nowadays, the bistability effects arising therefrom is considered as a potential tool 
for optic computing. Moreover, in layered structures or quantum well structures 
2D character leading to the subband structure and thus the step-like density of 
states (see figure 1.2) increases the number of states contributing to the optical 
transitions at the adsorption edge. Adsorption spectra of quantum well structures 
are significantly different from the constituent semiconductors. This is used for 
very low threshold diode lasers.
M o d u l a t i o n  D o p in g
Semiconductor quantum well structure also provides new opportunities in doping. 
Modulation d o p i n g ' i s  one way to enhance mobilities in heterostructures. As 
seen in figure 1.3, in this method, barrier regions are doped while the well regions 
are not. Donors in the barrier layers are ionized and electrons go from barrier 
region to the well regions where they become confined. This way, carriers and 
impurity ions being physically separated, the impurity scattering, which is the 
only mechanism lowering the mobility at low temperature, is avoided. Measured 
mobilities parallel to the layers are much larger than those of uniformly doped 
structures. Mobility values 2 — 3 x Itf cm^/Vsec is achieved as T —> 0*'K. This is 
almost 2-3 orders larger than mobilities obtained in Si technology.
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Figure 1.4: Resonant tunneling model for heterostructures 
R e s o n a n t  T u n n e l in g
Another interesting application of 2D systems is the resonant tunneling.*®’ ®^ 
Consider an undoped Gai-x AR-As-GaAs-Gai-ajACAs heterostructure as shown 
in figure 1.4. Under a small positive bias applied to the electrode on the right, the 
tunneling probability is small, and so is the current between two electrodes. When 
the bias applied to the structure is such that the energy of the quantum state 
E„ coincides with the Fermi energy of one of the electrodes, resonant tunneling 
occurs and the tunneling current increases dramatically. Upon further increasing 
the bias, the matching of the energies E/r and E„ is destroyed, and hence the 
resonant tunneling changes to normal tunneling. At very high bias, one of the 
barriers effectively disappears and the current increases again. The bistability 
which is observed, i n  the I-V characteristic of a resonant tunneling diode is 
not a single valued function as shown in figure 1.5, and it can be an important 
property for the memory device applications. Although either the space-charge
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Figure 1.5: Bistability in resonant tunneling diodes
buildup in the resonant level or the external circuit oscillations are found to be 
responsible from the bistability, there is no consensus about the origin of this 
p h e n o m e n o n . P o s s i b l e  technological applications of resonant tunneling are 
quantum well oscillators at frequencies up to 18 GHz, room temperature negative 
resistance, persistent photocarriers in quantum well resonators.
1.2 Electronic Structure
In a semiconductor heterostructure or in a semiconductor superlattice the band 
offset is the most important feature affecting the electronic ])ioperties obtained 
t h e r e o f . F o r  each parent semiconductor the average of the crystal potential 
and the energy of the valence band maximum with respect to this average 
potential have different value. Moreover, the electronegativities of the atoms 
exhibit a large amount of variation by going from one semiconductor to another. 
Accordingly, when two different semiconductors (for example GaAs and AlAs) are 
put in an intimate contact, the top of the valence bands occur at different energies 
leading to a natural band lineup. Owing to the difference in the electronegativities 
of the interface atoms belonging to the different semiconductor sublattices, one 
expects a transfer of charge which in turn creates a dipole field across the 
interface.As a result the bands of the adjacent sublattices may exhibit a relative
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Figure 1.6: Discontinuities of band edge energies of three kinds of hetero­
interfaces
shift, and thus a dramatic increase of the total energy. At the end, the offset of the 
valence band, AEy, is stabilized by the alignment of the charge neutrality levels, 
which corresponds to the minimum of the total energy of the heterostructure at 
hand. Since the band gaps of the parent semiconductors (Egi,Eg2 ) are different, 
the offset of the conduction bands is given by AEc =  Egi — Egi — AEy.
Semiconductor heterojunctions are classified into three groups, as described 
in figure 1.6. These are Type I (straddling). Type Il-staggered, and Type 
ITmisaligned. GaAs/Gai_i.Al,;As heterojunction is an example of a type I 
junction. In this structure, carriers, both electron and holes, are confined in 
GaAs sublattice. On the other hand, in the type Il-staggered heterojunctions, 
for example Si/Ge, while electrons are confined in one sublattice (Si-sublattice),
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holes are confined in the other one (Ge-sublattice). In the same way, 
type Il-misaligned heterojunctions, InAs/GaSb heterojunction, show the same 
confinement behaviour as staggered ones. However, in these superlattices the 
energy gap decreases with the increasing period to result in a semiconductor- 
semimetal transition.
In addition to the band offset the electronic energy structure of the 
semiconductor superlattices are modified by the zone folding due to the new 
periodicity imposed by the superlattice structure. While the translational 
periodicity is maintained in the xy-plane of a lattice matched heterostructure, 
the lattice periodicity along the z-direction is altered and becomes the periodicity 
of the superlattice. As a result, the reciprocal lattice vector along the z-axis, and 
thus the superlattice Brillouin zone (SBZ) in the same direction becomes shorter 
as compared to their parent values in constituent bulk semiconductors. The zone 
folding has significant effects in the semiconductor heterostructures, for which 
the difference of the direct and indirect gap, AEdi =  E^ ^^  — E^ ’\ is large. For 
example, the indirect gap of Si crystal, which occurs along the FX-direction of 
the fee BZ, ~  2 eV below the direct gap, is folded near to the center of BZ in the 
Si/Ge superlattice grown along the [001] direction.
The electronic structure of the layered semiconductors leading to the quantum 
well structures have been investigated theoretically by using several different 
methods. The simplest of these is the method based on the effective mass 
approximation. The one electron hamiltonian of the whole system can be written
as26.
rc
( 1.2)
where U{r) denotes the crystal potential. If r lies in the sublattice A 
U{f) =  otherwise U{f) = U^{r). Expanding the wave functions having
and kf/ (A.’x, ky, 0)
-  '^Cn^{k,)xnk{i^ (1.3)
nkz
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ik fX „t(0  =  e (1.4)
with
t/,f„(r) z,A  
U^„(f) zeB
being the band edge eigenfunctions at  ^ = 0, one obtains the envelope 
function, which is the Fourier transform of Cni/{kz)·, from the following effective 
mass Hamiltonian
h 1 h'^ k^//
' m{z) " '  ^ \ ' 2m(z)
The z-dependent effective mass is defined by 
1
(1.5)
m{z) m ^  (0) -  E,f,(0)
and
1 _  1
m.{z) m
V  < t'.?o|v|c,fo >
,kn  E.?(o) -  £.?(o)
for zeA
for zeB
( 1.6)
(1.7)
In the above effective mass equation
V(z) = (1.8)
An extensive discussion of the above method, and the approximations used 
therein can be found in Reference 2,26-31.
While the methods based on the effective mass approximation works well 
for simple parabolic band edges and thick quantum wells, its validity becomes 
questionable when the size of the well becomes small (~  10Á). As the width 
of the well is reduced the energy levels of the confined states may experience 
dramatic shifts. This is the well known quantum size effect. Apparently, the 
small periodicity semiconductor superlattices have to be treated by more rigorous 
methods.
In the tight binding method, dimension of hamiltonian matrix increases with 
the size of the unit cell because of the using of local orbital basis. Since the 
interface destroys translational symmetry in the perpendicular direction, the 
unit cell size becomes infinite. To overcome this computational difficulty, a
Chapter i. Condensed System of Lower Dimensionality 12
slab with a finite thickness repeated in the perpendicular direction to create an 
artificial supercell is introduced.Another approach is the reduced hamiltonian 
method which is suggested for solving the tight binding equations for interfaces.
In this method, a transfer matrix is introduced to relate the electronic wave 
functions on different planes parallel to an interface. So the knowledge of the 
wave function on a small number of adjacent planes is sufficient to determine the 
wave function on all other planes. Then an expansion in bulk states with complex 
wave vector values is made. Heterojunction is modelled as the combination of 
three regions. There are two bulklike regions and between them a region of 
interfacial distruption. Compositional grading from one semiconductor to t,he 
other is represented by a layer dependent weighted average of the tight binding 
parameters of the two semiconductors. Finally, an iterative method is used for 
finding energy eigenvalues.
Jaros and his coworkers^ ’^'^ ® developed a method, which uses the wave 
functions of the parent, bulk semiconductors obtained within the empirical 
pseudopotential method. Their method is essentially similar to the effective 
mass approximation, and starts with the hamiltonian of one sublattice, 
which is connected by the difference potential, V, to the adjacent sublattice. 
Pseudopotentials are determined from the optical data. The wave function of the 
superlattice is expanded in terms of bulk Bloch states.
(1.9)
n,ki
The components of each wave function specify the degree of participation of 
the individual bulk Bloch states in forming the superlattice state. Using the 
completeness and orthonormality of Bloch state, the Schrödinger equation can 
be transformed into:
-  E) + E  A.,i < >= »
7 1 ,
( 1.10)
The superlattice eigenvalues and eigenfunctions are calculated from the diago- 
nalization of this secular matrix. As one notices, in this method the band offset 
has to be implemented in the calculations.
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The energetics (i.e. stability, interface geometry, and the energy optimized 
atomic structure e.t.c.) and the band lineup of the small periodicity 
semiconductor superlattices have been treated accurately by using ab-initio 
calculations. The rearrangements of the atoms due to the internal strain 
imposed by the lattice mismatch, and the interface dipole field created by the 
charge transfer occurring as a result of the electronegativity difference affect the 
electronic structure in an essential manner. Consequently, a realistic description 
of the electronic properties requires the determination of the quasi equilibrium 
position of the atoms trapped in a local minimum in the Born-Oppenheimer 
surface. The ab-initio methods provides the calculation of the interface geometry 
and energy optimized atomic structure. Moreover, the stability of the superlattice 
relative to the different structures or relative to the disproportionation into parent 
semiconductors is extremely important for the degradation. Presently, the ab- 
initio calculations seem to be the only way to investigate the stability. The quasi 
equilibrium structures have been also searched by the molecular dynamics studies 
even though the empirical potentials used in these calculations are questionable. 
Since the charge distribution is self-consistently calculated, the band lineup is 
also determined from the first principles in the ab-initio methods.
Presently, the SCF pseudopotential method in momentum representation 
is the most successful ab-initio method to investigate the energetics and the 
electronic s t r u c t u r e . S i n c e  the exchange and correlation effects are treated 
within the local density approximation, the energies of the conduction band 
states are underestimated in the SCF-pseudopotential calculations. Recently, 
by applying many body self-energy corrections it has been shown that even 
the accurate conduction band energies can be obtained.'^* An extensive review 
of electronic structures of semiconductor heterostructures can be found in 
Reference 39-41.
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1.3 Superlattices
Clearly, semiconductor superlattices present new conceptual ideas about syn­
thetic semiconductors, and new device applications. A semiconductor superlat­
tice (S i)„/(S 2)m provides many degrees of freedom for controlling the electronic 
properties of this system. These are basically the repeat periods {rn,7ia7idm + n), 
and the sublattices (Si and S2) themselves. The repeat periods (i7i-|-?i) determines 
the subband structure, confinement of states, and band alignment. Si and S2 have 
similar lattice parameters, but different electronic structure. Sometimes they can 
be replaced by the alloy (Si )i_a;(S2)a; which yield continuously varying properties. 
In this way the band gap and the band offset of the superlattice can be monitored 
to engineer the quantum wells. In the growth and in the overall character of a 
heterostructure, the polarity of the sublattices. Si and S2, play a crucial role, 
which leads to more fundamental classifications. These are polar-polar, polar- 
covalent and covalent-covalent heterostructures.
Consider GaAs/Gai_j; Ali-As semiconductor superlattice as an example. While 
GaAs has a direct band gap of ~  1.4 eV, AlAs is an indirect band gap 
semiconductor with a smallest gap of 2.3 eV. The band gap of Gai-i-AU-As alloys 
varies between 1.4 eV and 2.3 eV depending upon the value of A1 composition. 
Since GaAs and AlAs have almost the same lattice parameter, GaAs/Gaa,.Ali_iAs 
superlattice is a lattice matched heterostructure. It allows device applications 
with very low power consumption and very high switching speeds.
It is also seen that the electronic structure depends strongly on the superlattice 
periodicity n, when n is small. For example, while (GaAs)„/(AlAs),i has a type-I 
band discontinuity, the confined electron and hole states are separated in direct 
and momentum space for 71 =  4, as if it has a staggered tyj^e-II band offset. 
In Si„/Ge,i (n > 3) the direct, indirect gap decreases with increasing 71. The 
difference between the direct and indirect gap is positive but recedes to 0.07 eV 
for n = 6.
Semiconductor superlattices present new conceptual ideas about novel device 
applications. Devices fabricated from these synthetic semiconductors have
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high electron mobility, very short response times, and low power consumption. 
In addition to their excellent optical properties, some of the semiconductor 
superlattices (for example GaAs/AlAs, perhaps Si„/Ge„) are capable of 
combining electronics with photonics.
Chapter 2
Electronic Structure of Strained 
Si/G e Superlattices
The dislocation-free, strained-layer siiperlattices involving thin layers of semi­
conductors with large lattice mismatch can be grown^ ·^ “^^  with molecular beam 
epitaxy. In this context, it is hoped that pseudomorphic Si-Ge superlattices 
can compensate for the shortcomings of silicon and can open new horizons in the 
applications of Si-based devices in photonics. In this chapter, electronic structure 
of strained Si/Ge superlattices will be investigated.
2.1 Strained Layer Superlattices
Active research on layered structures such as superlattices results in valuable 
improvements on device ¡jhysics. In such structures, to avoid the defects at the 
interface it is necessary to use materials with similar crystal structures and nearly 
same interatomic distance. In epitaxial growth of crystalline .semiconductor films 
crystallinity and orientation are determined by the substrate. Heteroepitaxy is 
named for the growing of different atomic layers on top of each other. Hence, for 
defect free growth, matched lattice structures and lattice constants are essential.
A large number of quantum well systems are achieved with advanced 
epitaxial growth techniques. Figure 2.1 shows the plot of energy gaps at
16
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Figure 2 . 1 : Energy gaps versus lattice constants at 4.2 K 
From reference 5
4.2K versus lattice constants for zinc-blende .semiconductors together with 
Si and Ge. .joining lines represent ternary alloys. Superlattices and 
quantum wells or heterojunctions grown with pairs selected from those 
materials, include IiiAs/GaSb(/AlSb), InAlAs/InGaAs,®'^ InP/lattice matched
alloys,51-54 Ge/GaAs,55.56 CdTe/HgTe,^^'5"’58 PbTe/PbSnTe,59.60 ZnS/ZnSe,5i-52
and ZnSe/ZnTe.4® On the other hand, silicon has a small lattice constant 
(5.43 A) which is closely matched by only three other common semiconductors: 
GaP, AlP, and ZnS as seen in figure 2 .1 . These materials consist of the elements 
which are effective at generating free carriers in silicon, but not in germanium. 
Although germanium has the same crystalline structure with silicon, its lattice 
constant is about 4% larger. Therefore, Si/Ge superlattice is a pseudomorphic 
system which leads to strained layers. A lot of work was also done on strained 
layer systems parallel to the lattice matched ones.
Strained layer systems are important for the following r e a s o ns . F i r s t  
of all, semiconductor structures can be grown pseudomorphically on foreign
Chapter 2. Electronic Structure of Strained Si/Ge Superlattices 18
incommensurate substrates. Silicon substrates offer properties superior to other 
semiconductor materials with regard to wafer size, crystal perfection, thermal 
conductivity, handling and price. But silicon has a small lattice constant (5.43 
A) which is approximately 20% smaller than that of group IV,III/V and II/VI 
semiconductors. Secondly, there is a great increase in the number of possible 
superlattice systems with inclusion of lattice mismatched semiconductor pairs. 
Lastly, strain modifies the band structure of superlattice systems which provides 
additional parameter to control the electronic properties.
Nowadays, it is possible to grow the dislocation-free, strained-layer super­
lattices involving thin layers of semiconductors with large lattice mismatch. 
Consider an epilayer with lattice constant Oep, and substrate with lattice constant 
(isubs- Lattice mismatch parameter /  is defined as
/  =
(^ epi ^^ subs 
s^ubs
(2.1)
The lattice mismatch can be accommodated in two ways: elastic accommodation 
by strain and plastic accommodation by misfit dislocations lying in the interface. 
Therefore, the lattice mismatch parameter /  can be written as
/  — e + -  
V
( 2 . 2 )
where e is elastic strain, b is length of Burgers vector and p is distance between 
misfit dislocations.* '^* Hence, misfit dislocations reduce the strain. The important 
parameter of pseudomorphic strained layer systems is the critical thickness 
he- The epilayer can be grown without the introduction of misfit dislocations 
(strained layer epitaxy, pseudomorphic or commensurate growth) up to a certain 
thickness which is named as critical thickness he- Therefore, beyond the he misfit 
dislocations reduce the strain. The critical thickness he can be found from the 
thermodynamical equilibrium theories.*^ '^ “*^® The equilibrium theories of growth 
of pseudomorphic strained layers are based on the assumption of that the layers 
are in mechanical equilibrium. There are two basic approaches. The condition of 
minimum total energy is suggested by van der Merve,*^  ^ while the force balance 
is by Matthews and Blakeslee.*’*^’*^^
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The total energy Et is the sum of homogeneous strain energy E  ^ and energy 
of misfit dislocation EfU-
Et =  Ek —^ Eds (2.3)
P
where n is the number of dislocations.*^® In the elastic continuum theory, the 
energy Eh due to strain in the epilayer grown on Si(lOO) is®“*
Ek =  2/i
1 — //
(2.4)
where p is the shear modulus, // is Poisson’s ratio, e is the elastic strain and h is 
the thickness of the epilayer. The strain energy Eds of a single dislocation is®“*“®®
Eds = l + l n ( -Vi (2.5)47t(1 + n) .
where R is the range of a dislocation line and 7·,· is inner cut-off radius for 
the dislocation core. Very thin layers up to he grow without misfit dislocations 
requires
kl = /  ) P —  ^ when h < he (2.6)
The critical thickness he can be found from the minimization condition of 
equation 2.3 as
b
he l^ i + 1„ (2.7)87t(1 + i/)f
for the growth on the (100) surface of a crystal of diamond structure. Figure 2.2 
shows the critical layer thickness for strained-layer epitaxy of GeSi on Si and Ge 
as a function of misfit parameter.
Similarly, in the case of strained layer superlattice, mismatch between layers 
are accommodated by elastic strain. The mismatch between the layers is
/  = 9-” '^  ~ (2 .8 )
«1 +  0,2
where ai and ai are the lattice constants of the corresponding layers. The elastic 
strains 6i and ti in the superlattice layers satisfy the relation
/  +  e.2 -  Cl =  0 (2.9)
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Figure 2.2: Critical layer thickness as a function of misfit parameter 
From Reference 70
if there is no misfit dislocations in the superlattice interfaces. For pseudomorphic 
growth
h\ , /l'2 < /ic(fl>C2) (2.10)
The critical thickness of individual superlattice layers can be found from 
equation 2.7 by inserting strains ci and C2 instead of
Another important aspect is the modifications in the superlattice band 
structure due to the strain. The strain is such that the band diagram of these 
structures is not just perturbed but changes considerably. The biaxial stress cr in 
the layers can be described as the sum of a hydrostatic pressure and an uniaxial
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Figure 2.3: Minimum band gap of GexSii_a; as a function of germanium fraction 
From Reference 47
stress normal to the layers.'^
/  cr 0 0 ^
0 a 0
0 0 0 y
(T 0 0 \
0 (7 0
0 0 cr y
+
/ 0 0 0 ^
0 0 0
 ^ 0 0 —<T y
(2. 11)
The hydrostatic part simply shifts the conduction and valence bands up and 
down depending on the sign of the pressure, while the uniaxial part leads to 
some splittings/’ Working with strain hamiltonians and deformation potentials 
results that the band gaps of Gea,Sii_a; and Si depend strongly on the relative 
allocation of s t r a i n . A  detailed description will be given later. Figure 2.3 shows 
the calculated results for the minimum bad gaps of several materials as a function 
of the atomic fraction of germanium. The two-dimensional electron systems 
with enhanced low-temperature mobilities'^ was also observed in Si/Sii_iGex
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strained-layer superlattices. An extensive bibliography about SiGe strained 
systems is given in reference 73.
2.2 Electronic Structure of Si—Ge (001) 
Superlattices
Its excellent etching and mechanical properties have made silicon an indispensable 
material in microelectronics technology. On the other hand, being an 
indirect-gap semiconductor, silicon has been excluded from photonics and 
optoelectronics. Improving electronic properties of this crystal has been the 
continuing effort of material scientists. Recent progress in the fabrication 
of epitaxial semiconductor superlattices with multiple quantum well structure 
providing novel two-dimensional (2D) electronic properties has stimulated the 
idea of increasing carrier mobility in Si/Ge heterostructures by modulation 
doping. In an effort to compensate for the deficiencies of silicon and to further 
upgrade this well established technology the epitaxial growth of pseudomorphic 
Si/Sii-^Ge^; heterostructures has been a c h i e v e d . R e c e n t l y ,  the growth of 
pure Ge (x=l )  up to six layers pseudomorphically restricted to Si(OOl) substrate 
has been realized by Pearsall and his c o l l a b o r a t o r s . Mo r e  importantly, they 
observed direct optical transitions in the (Si)4/(G e )4 semiconductor superlattices 
grown on the .Si(OOl) substrate, which are found neither in constituent crystals 
nor in the Sio.sGeo.s alloy. This result has been an encouraging step towards 
making Si a direct band gap semiconductor appropriate for photonics.
P r o p e r t ie s  o f  Si a n d  Ge
The physical properties of silicon and germanium are summarized in table 2.1. 
The band structures of Si and Ge obtained from the pseudopotential calculation 
are shown in figure 2.4. The labels in the band diagram is indicated in 
fee Brillioun zone presented in figure 2.5. Critical directions for SiGe strained 
superlattices is also shown in figure 2.5. Silicon crystal has six minima along
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Table 2.1: Properties of silicon and germanium
Property Silicon Germanium
Lattice Constant 5.431 A 5.657 À
Density 2.33 g/cm^ 5.36 g/cm®
Velocity of sound 8440 m/sec 4900 m/sec
Poisson’s ratio 0.280 0.273
Cll 1.657x10^^ dyn/cm^ 1.292x10’  ^ dyn/cm^
Cl 2 0.639x10^^ dyn/cm^ 0.479x10*'^ dyn/cm^
Band gaps (OK) 1.17 eV 0.74 eV
Band gaps (300K) 1 .12  eV 0.66 eV
Spin-orbit splitting 0.044 eV 0.29 eV
Mobility of electrons 1500 cm'^/Vsec 3900 cm^/Vsec
Mobility of holes 450 cm^/Vsec 1900 cm^/Vsec
Linear coefficient of
thermal expansion 5.8x10-® 1 /°C 2 .6 x 10 -® 1 /°C
Effective mass m*/mo 
of electrons
longitudinal 0.98 1.64
transverse 0.19 0.082
of holes
light hole 0.16 0.04
heavy hole 0.49 0.28
Dielectric constant 11.9 16.0
From Reference 73
the A-direction of BZ denoted by the A*-states. The resulting experimental 
band gap is indirect and 1 .1  eV. The direct band gap is large, and the energy 
difference between the direct and indirect band gap, AEg, is ~ 2  eV. Also 
Ge is an indirect band gap semiconductor, except that the conduction band 
minima occur at the four L-points of BZ. While Si and Ge are indirect band 
gap material, commensurate, strained-layer Si-Ge superlattices can be direct 
band gap material owing to the zone-folding and strain imposed by the lattice 
mismatch. The following is discussion of electronic structure of strained Si/Ge 
superlattices.
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Figure 2.4: Band structures for Si and Ge.
From Reference 75
2.2.1 Tetragonal Distortion
Figure 2.6 is a schematic description of strained layer system. When there is a 
lattice mismatch between the lattices, the sublattice grown in registry with the 
substrate undergoes a compressive (expansive) strain while the lattice constant in 
the perpendicular direction expands (contracts) leading to a tetragonal distortion 
if Uepi > Usubs {«-epi < (hubs)· As a result, the strain distorts the cubic lattice 
cell to a tetragonal cell. Almost continuously adjustable lateral lattice constant 
(by using .Sia;Gei_a; alloy) and the lattice strain generated thereof is an essential 
ingredient of the strained Si-Ge superlattices.
Let’s concentrate on the Si/Ge strained superlattice grown on the (001)
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Figure 2.5: FCC Brillioun Zone
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Figure 2 .6 ; Schematic description of the tetragonal distortion
surface as seen in figure 2.7. The strains and the lattice parameters can be 
found by minimizing the total elastic energy. The in-plane lattice parameter a||
Chapter 2. Electronic Structure of Strained Si/Ge Superlattices 26
substrate
Figure 2.7: Schematic description of tetragonally distorted superlattice
of the superlattice becomes^^
_  (ISjhsiMsi + (iGehaeMge , .
""" “  hsiMsi +  ha^Mae  ^ ^
where 05,· and acje are lattice constants of Si and Ge respectively, and /15, and 
hoe are the thickness of Si and Ge layers. Mi is the shear modulus given as for 
( 100) direction
/  2^ \
(2.13)Mi — 2 I cn + C12 — 2—
V 1^ 1 . .
where i denotes the different materials. Two limits of equation 2.12 is found 
easily, ay =  asi when hsi/hae —>■ 00, This corresponds to a Si substrate with 
strained Ge on top of it. Similarly, for Ge substrate hadhsi 00 and in-plane 
lattice constant becomes ny =  aoe- Actually, the value of ay is determined by the 
substrate, i.e. is equal to the lattice constant of the substrate, and may be varied 
by using different substrates. Once ay is known, perpendicular lattice parameter 
can be found from
a,i = a,· 1 - 2 ^
c’u
ay -  a,
ai
(2.14)
The lattice parameters for Si/Ge system were calculated within this macroscopic 
approach by Van de Walle et And then beginning with these values they
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Table 2 .2 : Lattice parameters and band line-ups for Si/Ge interfaces
«II (À) «.Six (À) «G'eX (A) AEy (eV) AEy^av (eV) AEy (eV)
5.4.3 5.43 5.82 0.84 0..54 0.28
5.52 5.36 5.75 0.61 0.53 0.41
5.65 5.26 5.65 0.31 0.51 0.55
AEy = Ey^ Oe ~ Ey s^i is the discontinuity in the top of the valence band; 
AEy^av = Ey^ Oe,av ~ Ey s^i,av ¡s the discontinuity in the average of the valence bands; 
AEc = Ec,Oe — Ec,si is the discontinuity in the minimum of the conduction band.
performed full self-consistent pseudopotential calculations for total energy and 
forces. The result for the lattice parameters were within the 1 % of the found 
from equation 2.12 and 2.14. The results of Van de Walle^'’ *^ for lattice constant 
with band line-ups is summarized in table 2.2.
Parallel and perpendicular strain components can be found from the ratios of 
lattice constants
 ^  ^ _  1^1 ~X^X -- y^y -- üi
and
(2.15)
 ^z _L
_.,£12—  ^ X^X (2.16)
2.2.2 Brillouin Zone Folding
The periodicity of a superlattice d is much larger than the one of bulk materials 
a. Hence, the superlattice ])eriodicity creates a new, smaller Brillouin zone in the 
k; direction ( z is the superlattice growth direction).
7T , 7T
(2.17)
The first superlattice Brillouin zone can be constructed by folding the Brillouin 
zone of the bulk crystal into first minizone. It was proposed^® that the zone 
folding effect can transform an indirect band gap to a direct band gap. An
Chapter 2. Electronic Structure of Strained Si/Ge Superlattices 28
r X
Figure 2.8: Folding of Si-like indirect band structure 
From Reference 70
example of the folding of host crystal Brillouin zone of a Si-like indirect band 
structure to a superlattice Brillouin zone (supei'lattice periodicity is five times the 
bulk periodicity, d = 5a) is shown in figure 2.8. For example, the conduction 
band minimum of bulk Si which occurs at | k |ci 1 .67r/a along A-direction can be 
folded to the center of the zone if the superlattice periodicity along [001] increases
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From Reference 74
by a factor of 5. Therefore, it is possible to get a direct band gap by folding an 
indirect band gap structure.
2.2.3 Si/G e Superlattices Grown on Si(OOl)
In a Si,i/Ge,i superlattice restricted to the (001) surface of Si the lattice 
mismatch of 4% is completely accommodated by the uniform lattice strain in 
the commensurate or pseudomorphic Ge layers. Recently, the growth of the pure 
Ge(i.e. a: = I) up to six layers restricted to the Si(OOl) surface unit cell have 
been a c h i e v e d . N o v e l  electronic properties of these strained Si,i/Ge„(001) 
superlattices have been reported^ ’^ '^*’" ” '^  promissing new device applications. For 
example, Pearsall et observed direct optical transitions at 0.76, 1.25, and
2.51 eV which were found neither in the constituent crystals (i.e. Si and Ge), 
nor in the Sio.sGeo.s alloy. Electroreflectance spectrum of Si4/G e4 superlattice 
grown on Si (00 1) is shown in figure 2.9. Hoping to use the well developed 
Si technology in optoelectronics, especially in laser applications, motivated the 
studies on strained Si/Ge systems.
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This important property, i.e. the lowering of direct gap upon the formation 
of superlattice and electronic structure was also the subject of a lot of theoretical 
w o r k s . T h e  optical matrix elements of the transitions were also studied and 
the transition to the lowest zone folded states were found to be small.
Then, new experiments were appeared in the literature.
St r u c t u r e  o f  S i„ /G e ,i (0 0 1 )  S u p e r l a t t ic e s
We investigated the electronic structure of the strained Si„/Ge,i(001) superlat­
tices for 7i ranging from 1 to The strained superlattices are constructed
by taking Si atoms in their ideal positions, and by using the lattice constant of 
Si for the lateral lattice constant of the supercell. The separation of the Si(OOl) 
and Ge(OOl) layers at the interface, and the interlayer distance in the Ge site are 
obtained from the self-consistent field (SCF) pseudopotential calculations.
The structural parameters relevant to our study, and the superlattice Brillouin 
zone (SLBZ) are shown in figure 2.10. In the same figure the relation between 
the symmetry points of the parent crystal BZ and that of the SLBZ, i.e. zone 
folding for the Si8(001) superstructure is also shown.
M e t h o d
The electronic band structures are obtained by using the empirical tight binding 
(ETB) method which is described in detail in appendix 2.A. The following 
points are considered in ETB calculations for a system consisting of two different 
crystals. We have used the energy parameters which are describing conduction 
bands comperable with optical data, and which were also proven to be successful 
in many previous applications. In the pseudomorphic Si/Ge system the Si-Ge 
and Ge-Ge interatomic distances, d, deviate from their ideal values as explained 
above. This effect is taken into account by scaling the energy parameters.
The energy of the valence band maximum, and also the average value of the 
crystal potential in two sublattice crystals (Si and Ge) are different.*®  ^ This 
is the origin of the natural band lineup. This has to be implemented in the
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Figure 2.10: Unit cell and Brillouin Zone of Si„/Ge„(001) superlattices 
(a) Unit cell of the Si,i/Ge,i(001) strained superlattice, with dots and dotted circles 
representing the Si and Ge atoms, respectively. The lateral lattice constants Ri and 
R'2 are 5.43 A/y/2, the perpendicular lattice constant R3 ( // [001] direction) changes
according to n. Interlayer distances are di=5.43 A/4, d2=(-'>-43+5.65) A/8 and ¿3=5.82 
A/4. Lattice constants of bulk Si and Ge are taken to be 5.43 A and 5.65 A , 
respectively, (b) The corresponding Superlattice Brillouin Zone (SLBZ). The width 
of F-Z decreases with increasing n. (c) The zone folding for the X- and L-points of the 
fee BZ onto the SLBZ. To avoid the confusion the X and L symmetry points of the fee 
BZ are shown with bars.
ETB calculations by shifting the self-energies, A E  = <  (¡)i{7') | H | <^ ,(r) >, of Ge 
orbitals. We used the band offset value resulted from SCF calculations'^’ ®^ which 
is tabulated at table 2.2 in the results given below.
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G e n e r a l  R esults
To reveal the effect of the superlattice formation on the electronic structure, 
we present the bands of Sis(OOl) superstructure in figure 2.11a. The bands 
of the strained Ge8(001) superstructure (in which the lateral lattice constants 
R i= R '2 are taken to be equal to that of the ideal Si, but interlayer distance, da, 
is expanded to accommodate the lateral strain) are shown in figure 2.11b.
By forming a Si4/Ge4(001) superhittice the effect of the zone folding, the 
lattice strain, and the band lineup are combined in the electronic structure. The 
important effect of the band folding is that AEg is decreased from ~2 eV to 
0.4 eV in Si8(001). Bands of Ge8(001) experience similar foldings. Because of 
the tetragonal strain the valence bands, which are degenerate at T, are split and 
the energy of the highest state rises. The calculated value of the band splitting 
(0.59 eV) is in fair agreement with those calculated by the SCF-pseudopotential 
m e t h o d . T h e  lowest and unfolded conduction band state at F also rises, 
the net effect of the strain being the increase of the indirect band gap.*‘‘
Upon the formation of the Si4/Ge4(001) superlattice the electronic state of the 
strained Ge-sublattice has to rise relative to that of the Si-sublattice. A state 
in one sublattice can match to the state in the adjacent one, as long as their 
momenta and energies are conserved. If their energies ai’e different, the lower 
energy state is generally confined in its sublattice. The effective masses along the 
superlattice axis, and the size of the quantum well may influence the confinement. 
Also, owing to the coupling between the sublattices of the same kind, the bands 
of the confined states along k//[001] direction may have a dispersion. The energy 
band picture of the Si4/G e4(0 0 1) superlattice presented in figure 2.11c illustrates 
these effects.
The striking effect of the superlattice structure can be seen clearly in 
figure 2.11c as the minizone formation along the FZ-direction in the conduction 
band. While the conduction bands of the Ge and Si superstructures in 
figure 2.11a and 2.11b have significant dispersion, and states are uniformly 
distributed over the unit cell for ¿//[001], the corresponding bands of 
Si4/Ge4(001) are rather flat. The first and second conduction bands along the
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Figure 2.11: Energy band structures of SisiOOl), Ge8(001) and Si4/Ge4(001) 
structures
(a) SisiOOl) superstructure (b) GegiOOl) strained superstructure restricted to Si(OOl) 
surface unit cell and (c) the Si4/Ge4(001) strained superlattice restricted to Si(OOl) 
surface unit cell. (AE = 0.84 eV.)
rZ-direction have 80% Si-orbital character displaying a confinement in the Si- 
region, but rather low weight in the Ge-side. These flat bands have a parabolic
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dispersion for A;//[001] plane, which is characteristic for a 2D-electron system. 
Since the minimum of the conduction band occurs at the Z-point the Si4/Cle4(001) 
superlattice is an indirect band gap semiconductor. The indirect band gap is 
calculated to be 1.15 eV. The AEg is equal to the dispersion of the first conduction 
band along P-Z, and is only 0.15 eV. Note that AEg being 0.34 and 2.01 eV in 
the bulk Ge and Si, changed to 0.4 and 0.46 eV, respectively upon the formation 
of strained Ge8(001) and Si8(001) superstructures. Evidently, the reduction of 
AEg in Si4/Ge4(001) is even more dramatic. The states of the third conduction 
band are delocalized and have comparable charges in both Si- and Ge-regions, 
but the states of the fourth band are mainly localized in the Ge-region.
The highest valence band states at the P-point, as well as along the PZ- 
direction originate from the Ge-orbitals, implying the fact that holes in this 
strained superlattice are confined in the Ge-region. Taking only the PZ-direction 
into account, the confinement of the states (electrons being localized in the Si 
region and holes in the Ge-region) displays a type Il-staggered band discontinuity, 
which complies with the band lineup implemented in our model, and with the 
experimental results as well.^  ^ It is interesting to note that the present results 
are in agreement with those obtained by the ab-i7iitio calculations, except the 
location of the conduction band minimum. For instance the SCF-pseudopotential 
calculations®  ^ yield that the lowest conduction band state is an extended state, 
and occurs at the A*-point, 0.08 eV below the state at the Z-point.
Having discussed the strained superlattices for n = 4, let us consider the cases 
for n =  3 and n = 6 to explore the effect of the superlattice periodicity. For n — 3 
the quantum well states are not fully developed, and thus appeared as interface 
states. Upon increasing 7i to 6 the difference of energy between the direct and 
indirect band gaps reduces to 0.01 eV. The lowest conduction band minima occur 
at the Z-point. Variation of the difference of energy between direct and indirect 
band gap of Si„/Ge,i superlattices as a function of superlattice periodicity n is 
shown in figure 2.12.
In conclusion, it is found that AEg is as small as 0.01 eV for the largest 
superlattice periodicity (2??, = 12) one can obtain for Si,i/Ge„ grown on Si (001),
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Figure 2.12: AEy of Si„/Ge„ superlattices as a function of superlattice 
periodicity n.
Difference of direct and indirect band gap energies. From Reference 84 
but the gap is still indirect.
2.2.4 Si/G e Superlattices Grown on Ge(OOl)
In view of evidences indicating that the strained Si„/Ge„ laterally restricted 
to Si (001) has an indirect band gap, attentions have drawn to the Si-Ge 
superlattices with different structural p a r a m e t e r s . R e c e n t l y ,  the growth 
of GeeSi4 and GerSia superlattices restricted to Ge (001) are achieved and direct 
transitions at 0.96 eV, 1.22 eV and 0.93 eV, 1.25 eV respectively are observed.^® 
The electroreflectance spectrum shown in figure 2.13 of Si4/G e6 and Sia/Gej 
grown on Ge (001) have indicated new optical transitions. *^  ^ After this, other 
experiments were also reported."**’ *^*
In fact, as argued earlier a pseudomorphic superlattice represented by 
{Sii^^.Gex}n,a^J{Sгı-yGey},n,a^  ^ provides several degrees of freedom for control­
ling the electronic properties.*®  ^ For example, in the superlattice with x = 0 
and y = I the lateral lattice constant a|| and the superlattice periodicity, n + m.
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Figure 2.13: Electroreflectaiice spectra of Si4/Gee and Si.3/G e7 
From Reference 76
(also n and m itself) are important parameters for controlling the electronic 
structure. Since the lateral lattice constant of a substrate 5¿i_.Ge;j(001) can vary 
between (equilibrium lattice constant of Si, i.e. 5.43 /  >/2 Á) and (5.6
/\/2 Á), the sublattices grown in registry with this substrate undergo a lateral 
compressive (expansive) strain, while the lattice constant in the perpendicular 
direction expands (contracts). This gives rise to a uniform tetragonal distortion
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Figure 2.14: Constant energy surfaces of conduction band minima of Si
if the misfit dislocations are prevented from forming.
In this study, we first investigate the effect of the structural parameters on 
the direct and indirect band gaps of the pseudomorphic Si-Ge superlattices. 
Guided by these findings and based on the electronic structure calculations, which 
were performed for several supercells by using empirical tight binding method we 
determine the structural parameters which make the band gap direct.
S u p e r l a t t ic e  B a n d .s a n d  Z o n e - f o l d in g
It is known that Si-Ge superlattices generally make type-II band alignment, as 
such that the edge of the conduction band and the top of the valence band occur 
in the Si and Ge sublattices, respectively. To examine the lowest conduction band 
states of the Si,i/Ge„i we concentrate on the Si-sublattice. The minima of the 
conduction band of bulk Si occur along the six equivalent [001] directions as seen 
in figure 2.14. These directions are labeled as A in the (fee) Brillouin zone (BZ) 
of the bulk Si. In the superlattice grown on the (001) plane, four A directions, 
which are labeled by A|| coincide with the FM direction of the superlattice BZ 
(see inset of figure 2.15). The remaining two are along the superlattice direction 
[001] and are labeled by A i .  Bands along Ax are folded. In the absence of strain
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in the Si-sublattice the minimum of the lowest conduction band state along the 
FM direction of the SBZ occurs at relatively lower energy than the lowest folded 
states along the FZ direction. Moreover, the lowest conduction band state was 
found to be i t i n e r a n t . T h i s  is the situation for the strained Si„/Gen {n < 6) 
superlattices grown on the Si (001). If, however, a tetragonal strain is induced 
by forcing the Si sublattice to have ay > Uy' the bands along Ay and Ax are 
expected to experience different shifts.
E f f e c t s  o f  St r a i n
We explored this situation by examining the bands of Si and Ge supercells under 
tetragonal strain. The variation of the lowest conduction and highest valance 
bands of Si„i and Ge,n superlattices are calculated as a function of ay. Our 
results are presented in figure 2.15 for m = 20.
In these calculations the perpendicular lattice parameter a± corresponding 
to a given ay are calculated by using elastic constants as described in 
section 2.2.1. The results of the fully-structure-optimized calculations on the Si- 
Ge superlattices show that in general a± differs slightly from the value obtained 
by using the Poisson ratio." Moreover, interlayer spacings in the sublattices 
are not h o m o g e n e o u s . N e v e r t h e l e s s ,  in view of the accuracy obtainable 
from the empirical tight binding calculations the structural parameters obtained 
from the elastic constants suite to the objectives of our calculation. The energy 
parameters given by Li and Chung^ ^^  are scaled^® ’^ “^  ^ by d~’’ with the scaling 
exponent r/ = 2 when the interatomic distances of the sublattices deviate from 
their equilibrium values in the presence of the strain. Expressing the deformation 
potential in terms of the strain components, first and second nearest neighbour 
tight binding energy parameters” “^” ® and //, we find t] ~  1.8. Details of these 
calculations will be described in section 2.2.4. For Si-2o in figure 2.15 the lowest 
conduction band state Z* along FZ direction and the minimum Ay of the lowest 
conduction band along Ay both are lowered as ay ay'®. Moreover, the state 
Z* is lowered below the Ay state, and the energy difference Ea* — Ez* increases 
with increasing ay — ay'. We note that the Z* state corresponds to the minimum
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Figure 2.15: Variation of some energies of Si2o and Ge2o as a function of parallel 
lattice constant
Variation of the energy of the lowest conduction band states (Z*, along TZ and FM 
directions) and F^  state and highest valance band states (F„,. and of Siio and
Ge2o supercells as a function of the lateral lattice constant ay. The symmetry points 
and directions of the superlattice Brillouin zone are shown in the inset.
of the lowest conduction band along Ax, which is folded to TZ upon the 
superlattice formation. .Similarly, the splitting of the valance bands increases as 
ay —> tty''^ , so that the P;-like state raises towards Z*, but pxy states are lowered. 
These results are consistent with the calculated shifts in terms of deformation 
potentials.
The strain induced by mismatched epitaxial growth can be decomposed 
into uniaxial and hydrostatic contributions. The uniaxial components lead to 
splittings of degenerate levels, while the hydrostatic part gives rise to uniform
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shifts of weighted average. The strain splittings of the valence and conduction 
band edges were calculated by introducing strain hamiltonian.'’ ®“’ °^ Hence, 
simple expressions were obtained in terms of deformation potentials.
The splitting of valence band edge of diamond or zinc-blende materials is 
found from Pikus-Bir strain hamiltonian*^® {k = 0)
ffstraiyi — rt(Cx'x· T Éÿÿ T til) 
-h {Jx - (2.18)
1
d [ («7x· t/y T JyJx) X^y T i^ JxJz T JzJx^ X^Z T i^ JyJz T JzJy^ y^z]
where a is the hydrostatic deformation potential, b and d is the shear deformation 
potentials for a (001) and (111) uniaxial stresses respectively, e,j are the strain 
tensor components. The following shifts of the valence bands with respect to their 
weighted average are resulted^  ^ for a uniaxial stress along [001] with spin-orbit 
interaction
— -SEooi,
AEy  ^ — —Ao + -6Eooi + -6 4 2
AEyj = ^^^001 — 2
A q + A qSEooi +  -(dfiooi)^
9
1 / 2
A q +  Ao^fi'ooi +  “ (^^001 )^
ii/·^
(2.19)
(2 .20) 
(2 .2 1 )
In these equations, A q is the spin-orbit splitting, and SEooi is the linear splitting 
of the multiplet. SEooi can be expressed in terms of the strain and uniaxial 
deformation potential as follows
SEooi =  26(e.; -  Cx-^ r). (2 .22)
The hydrostatic component of the strain shifts the center of gravity of the above 
bands by a{€xx + tyy + e,,). Hence the shifts of the valence bands are written in 
terms of deformation potentials. Some of the experimental deformation potential 
values are shown in table 2..3.
Si and Ge has multivalley conduction bands. In multivalley semiconductors. 
Herring and Vogt^ ®^ have shown that the energy shift of valley i for a homogeneous
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Table 2.3:
germanium
Selected experimental deformation potentials of silicon and
Silicon Germanium
{^d + — rt)^ 1.50 ±0.30
i^d +  5“ U “  «)^ -2 .0  ±  0.5
b -2.10 ±0.10 -2.86 ±0.15
d -4.85 ±0.15 -5.28 ±  0.50
—A'~~‘u 8.6 ±0 .4—L 16.2 ±  0.4
From Reference 77
deformation can be described by
AEl = •^ d 1 }  j (2.23)
in terms of conduction band deformation potentials and 3,1 and strain tensor 
*€. Here, 1 is the unit tensor, a,· is a unit vector parallel to the k vector of valley i, 
and { }  denotes a dyadic product. The shift of the mean energy of the conduction 
band extrema is given by
(2.24)
On the other hand, the shift in the mean energy of the valence band exti’ema is 
given by
AEy^ av — +  y^y + z^z) (2.25)
Combining this equation with equation 2.24 gives the shift in the mean energy 
gap as
= {Ed +  -  a)(e,, + e,, + e,,) (2.26)
Similarly, the uniaxial splitting of the ith valley can found from equa­
tion 2.23 and 2.24 as
^^c,av ~  “ “ } : e (2.27)
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Now, consider the conduction band minima of Si and Ge at A and L points. The 
A conduction band minima split off under uniaxial strain along [001]. The bands 
along [100] and [010] will split off from the one along [001]. Equation 2.27 gives 
the splitting of the bands with respect to the mean energy as
AE^  = I 2“ “ ki II [001], [00Î]
ki II [010],[0Î0],[100],[Ï00]
(2.28)
On the other hand, the conduction bands at L point remain degenerate under 
[001] strain, since they are equivalent under [001] strain. The resuites presented 
in figure 2.15 are in good agreement with the shifts given above, which shows the 
validity of the ETB results. In these calculations, spin-orbit interaction Ao is 
neglected. A discussion about this fact will be given in section 2.2.4.
S c a l in g  Pa r a m e t e r  o f  E T B  in t e r m s  o f  D e f o r m a t io n  P o t e n t i a l s
As we see, the strain modifies the band structure. We have also investigated the 
changes in the band structure of diamond structure analytically in the empirical 
tight binding approximation. The results are presented in appendix 2.B. For 
the uniaxial strain along [001] direction, splitting of the top of the valance band 
states at F-point is related to the deformation potential b as follows:
6Eoo\ = 26(e-j - (2.29)
where Cxx and are the strain components. Comparing this splitting with 
the energy expression of strained structure, one can get the deformation 
potential,’ '^"” ® 6,
6 >
3 C 22 X^X
(1 + (xx)  ^ ~ (^  + z^z)  ^
2(1 + tx-i)·^  + (1 + c-z)^
3 ‘^ PPtr I ^
;2(l+e,,)·^  +  ( l + e , , ) ^ ppI
3
2(1 + + (1 + z^z)^  ^ ppI
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1 + Cx-x-
_^.^(l+exx. ) '^-2( l+€x, f 2
(1 + ^x x ) ^ + (1 + \(^ + ^x x ) ^ + (1 + ^zz ) ^  , ppi
1
i + Cl
_ 2^(1 + Cx-x)·^  -  2(1 +  e,,)^ r/2>
(1 +  Cxx)·^  +  (1 +  ^zz)^ \(1 +  Cxx)·^  +  (1 + ppI
where pp^ , and pp„ are the energy parameters, and a ’s are exponents for scaling 
energy parameters. A new scaling rule can be achieved by fitting this expression 
to the experimental value^ ·^ ’^’ ·^·^ of b given at table 2.3. By taking cvpp^  is equal to 
cxpp„, we found the exponents as 1.75 for Si for e^ a; =  4.05% (i.e. a|| =  5.65A) and
2.4 for Ge for =  —3.89% (i.e. 0| = 5.43A). Same idea can be applied to the 
other deformation potential. For the splitting at the conduction band minima, 
one must use large exponents or negative app^  for a better fit. This justifies the 
value of exponent ?; = 2 used earlier in several calculations.
V a r ia t io n  of  t h e  B a n d s  w it h  L a y e r  T h ic k n ess
In the view of the above discussion one concludes that the lowest conduction 
band state, can be folded to the center of superlattice BZ to yield a direct 
band gap for a pseudomorphic Ge„i/Sin superlattice grown on Ge (001). This 
can be achieved for certain superlattice periodicity. For example, if the lowest 
conduction band state were occurred exactly at kx =  0, ky =  0, and 
for a strain free Si/ superlattice, this state A^ would fold to F for / = 20 (which 
has G',3 = 27r/5o for the magnitude of the shortest reciprocal vector). For a 
strained Ge„i/Sin superlattice grown on Ge (001) A^ does not appear exactly at 
kx =  ■^K¡ha. However, small deviations from the value 8Tr/5a can accounted by 
varying lattice strain and sublattice periodicity but by keeping 2(m + n) = 20 
so that the minimum value A^ may occur at F point upon folding. Figure 2.16 
shows the variation of various transition energies as a function of m for the 
strained Ge„i/Si„ superlattice grown on Ge (001). For 5 < /7* < 6 the
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Figure 2.16: Variation of the relevant transition energies of Ge„i/Si„ with the 
number of the Ge layers rn.
The superlattice is laterally restricted to the Ge (001) surface so that ay = and 
m + n = 20. (AEy = 0.31 eV)
lowest conduction band state occur at F, attributing directness to the band. The 
superlattice with 7n =  7 lies at the borderline and beyond m = 7 the Ge character 
dominates and thus the lowest conduction band state at R dips below that at F. 
For m < 5 the lowest conduction band state start to occur either at Z or along 
FZ. These results are in agreement with the band structure of Ge„i/.Si„ which 
are calculated by using the self-consistent pseudopotential calculation*“  ^ as well 
as the experiment.”“ Note that the calculated transition energies as a function 
of the number of the Ge layers in the Ge„i/Si„ superlattice is not continuous, 
but display wiggles in figure 2.16. This is due to the discrete variation of m, 
which leads to discrete changes in the geometrical parameters and hence to the 
discontinuous variation in (folded) band energies.
C o n f i n e m e n t  o f  S u p e r l a t t ic e  St a t e s
Energy band structure of Ge(jSi,i and Ge7Si,3 superlattices for AEy =  0.30 eV 
is shown in figure 2.17. First examine the band diagram of Ge(jSi.| strained 
superlattice. Conduction band minimum is at F point. Dips seen at Ay and
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grown on Ge (001). 
a) Ge(jSi4 b) GeySia
X* (near the X point of SLBZ) points are due to the energy minimum of bulk 
Si along the fee A direetion and energy minimum of bulk Ge at fee L point, 
respeetively. Similarly dip seen at R point is due to the zone folding of bulk 
Ge states at fee L point. The effeet of superlattiee strueture ean be seen by 
looking the dispersion of eonduetion band states. While the eonduetion bands 
of superlattiee are rather flat along the FZ direetion, k || [001], i.e. minizone 
formation, these states have a parabolie dispersion for k || [001] plane whieh is 
a eharaeteristies of 2D eleetron system. Remember that the eonduetion band 
states along the FZ direetion have downward dispersion, i.e. Er > Ez, in Si4Ge4 
strained superlattiees. In Ge„Si„i superlattiees, this dispersion is very small and 
upward beeause of the small size of Brillioun Zone in FZ direetion and zone 
edge effeet. Besides, in GeeSi4 superlattiee, for | k^ , |~ 0.484 a.u.~  ^ eonduetion
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b an d  s ta te s  a t  fee A x  p o in t of Si will fold to  F p o in t so an  u pw ard  eu rv a tu re  
ap p ea rs  a long TZ d ire e tio n . In o th e r  su p e rla ttie e s  of Ge,iSi„i series, th is  folding 
sh ifts  tow ard  th e  Z p o in t as go ing  n from  6 to  sm a lle r  o r la rg e r values. Lower 
eo n d u e tio n  b an d  s ta te s  along  TZ d iree tion  have 60 % Si o rb ita l e o n trib u tio n , 
w hile m a x im u m  v alanee  b an d  s ta te s  have 60 % G e o rb ita l e h a ra e te r . Sam e tren d s  
a re  observed  for G erS is s tra in e d  su p e rla ttie e . B u t, sinee th e  G e eo n een tra tio n  
inereases, th e  energ ies of s ta te s  a t  R  and  X* po in ts  deereases. A nd for th is band  
lineup  value th e y  a re  eq u a l to  th e  energy  of m in im u m  e o n d u e tio n  b an d  s ta te  a t 
r  p o in t. S im ila r to  G eeSi4 su p e r la ttic e , lower c o n d u c tio n  b an d  s ta te s  along TZ 
d irec tio n  of GeySia s u p e r la t t ic e  have 56 % S i-o rb ita l c h a ra c te r . If we reno rm alize  
th is  by considering  th e  n u m b e r  of Ge an d  Si layers we can  conclude  th a t  e lec trons 
a re  confined in S i-reg io n . M ax im um  valance b an d  s ta te s  have 70 % G e -o rb ita l 
c o n trib u tio n  an d  holes a re  confined in G e-reg ion . T h ere fo re , th e se  s tru c tu re s  
show  a ty p e -I I  b and  a lig n m e n t, i.e. e lec trons being  localized  in th e  Si region and  
holes in th e  G e region.
E f f e c t s  o f  B a n d  L in e - up
W e n o te  th a t  th e  tra n s itio n  energ ies in figure 2.16 a re  o b ta in e d  from  th e  b an d  
s tru c tu re  ca lcu la tio n s  of th e  G e„i/S i„  su p e rla ttic e . B ecause  of th e  em pirica l 
n a tu re  of th e  m e th o d  th e  e lem en ts  of th e  H am ilto n ian  m a tr ix  (i.e. self-energ ies 
an d  hopp ing  energ ies) a re  in p u ts  of ou r ca lcu la tions . In th is  c o n te x t, th e  value of 
th e  b and  offset is im p le m e n te d  in ou r ca lcu la tions  by u p sh if tin g  th e  self-energ ies 
(or th e  d iagonal e lem en ts  of th e  H am ilto n ian  m a tr ix )  of th e  G e o rb ita ls  by AEy. 
T h e  value of th e  b an d  offset w hich is ta b u la te d  in ta b le  2.2 th a t  we used in 
ou r ca lcu la tions  was o b ta in e d  from  th e  earlie r ab-initio c a lc u la tio n s ." · '*  S ince 
th e  band  offset is th e  crucia l p a ra m e te r  w hich influences th e  conduction  band  
s tru c tu re  of th e  su p e r la t tic e , we investig a ted  w h e th e r  th e  value of AEy affects 
o u r conclusions reg ard in g  th e  d irec tness of th e  b an d  gap . In figure 2.18 we 
p resen t th e  varia tio n  of th e  tra n s itio n  energies as a  fu n c tio n  of AEy ca lcu la ted  
for G ee /S i4 and  G ey /S is  b o th  hav ing  ay =  T h e  b an d  gap  of G e6/S i4 is d irec t 
as long as AEy < 1 eV , b u t th e  d ifference betw een  th e  d irec t an d  ind irec t gap
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F i g u r e  2 ,1 8 : V aria tio n  of th e  tra n s itio n  energ ies w ith  resp ec t to  th e  b an d  offset 
AEy for a) Ge(5/S i4 and b) Gey/Sia. Superlattices are restricted to the Ge (001).
decreases as AEy increases. In c o n tra s t, th e  d irec tn ess  of th e  b an d  gap  of G er/S ia  
is sen s itiv e  to  th e  value of th e  b an d  offset. For ex am p le , T h e  R c-r„  tra n s itio n  
energy  becom es sm alle r th a n  th e  low est d ire c t tra n s itio n  energy  an d  th u s  th e  gap  
becom es in d ire c t if AEy <  0.3 eV . N o te  th a t  th e  b an d  offset AEy is affected  due  
to  th e  u p sh if tin g  of th e  m a x im u m  valance  b an d  s ta te  by th e  o n e - th ird  of th e  
s p in -o rb it  coup ling  energy  A q. T h e  value of A q is neglig ib le for Si (A q =  0.04 
eV ) b u t sign ifican t for G e (A q =  0.3 eV ). C onsequen tly , ow ing to  th e  sp in -o rb it  
coup ling  AEy is increased  by 0.1 eV  for a  G e /S i su p e r la ttic e .^ ' T h e  tra n s itio n  
energ ies il lu s tra te d  in figure 2.16 a re  ca lc u la te d  by AEy w hich does no t inc lude  
th e  s p in -o rb it  coupling . As a m a t te r  of fac t, th is  effect is neg lec ted  in several 
s tu d ie s  of S i/G e  su p e rla ttic e s . H ow ever, th is  effect is im p lic it in th e  d iscussion
Chapter 2. Electronic Structure of Strained Si/Ge Superlattices 48
of figure 2.18 in w hich AEy is ta k en  as a  p a ra m e te r .
O p t ic a l  T r a n .sitio n s
From  th e  above d iscussion  it becom es clear th a t  G ee /S Í4 grow n on C e (001) is 
a  d ire c t b an d  gap sem ico n d u c to r. H ow ever, th e  d irec tn ess  of th e  b an d  gap  can 
have  im p o r ta n t techno log ica l im p lic a tio n s  only  if th e  low est d ire c t tra n s itio n s  are 
allow ed a n d  th e  value of th e  re la te d  tra n s itio n  m a tr ix  e lem en ts  a re  su b ta n tia le . 
To th is  end  we c a lcu la te  o p tica l m a tr ix  e lem en ts  for in -p la n e  an d  p e rp e n d ic u la r  
p o la riz a tio n s  for d irec t tra n s itio n s  a t  F. For o p tica l tra n s itio n s  from  an in itia l 
s ta te  to  a  final s ta te  o p tica l m a tr ix  e lem en t is^^^
I < -0/|e • p I'/’«· > (2.30)
T h is  can  be ev a lu a ted  by in se rtin g  p from  th e  c o m m u ta tio n  re la tio n
p =  Y [ H , f ] .
Ill th e  em p irica l tig h t b in d in g  m e th o d  th e  o p tica l m a tr ix  e lem en t can be 
approxim ated*·^^’^ ^^  by
j ’..* -..*  «  I E  ( f t + + ?,„,)!'" (2.31)
a’u'au I
w here C “^(A;) is th e  coefficient of th e  B loch sum , Ri is th e  B ravais la ttic e  vecto r 
an d  TVt,/ is th e  d is ta n ce  be tw een  th e  nuclei, n an d  i/, a labels  th e  a to m ic  o rb ita ls . 
T h e  energy  in teg ra l, = <  <f)a{7^ \H\(/)a'{r — R¡ — > ,  co rresponds to
th e  energy  p a ra m e te r  in o u r  ca lcu la tio n , an d  e is th e  p o la riz a tio n  vecto r of th e  
ligh t. T h e  o p tica l m a tr ix  e lem en ts  ca lcu la ted  from  th e  above expression  and 
su m m a riz e d  in T ab le  2.4 a re  c ru d e  b u t in d ica te  th a t  th e  d ire c t o p tica l tran s itio n s  
of G ee/S Í4 an d  G e7/S i ,3 a re  no t s ign ifican t as far as p h o ton ics  is concerned . For th e  
ligh t po la rized  along th e  s u p e r la t tic e  axis (p e rp e n d ic u la r  p o la riz a tio n ) , all op tica l 
m a tr ix  e lem en ts  of G e6/S Í4 an d  G er/S ia  a re  negligible e x ce p t th e  tra n s itio n  from  
th e  h ig h est valance b and  to  th e  second low est conduction  b an d  s ta te  {E„i —>■ Eci) 
a t  th e  ce n te r  of BZ. In th e  case of in -p la n e  po la rized  ligh t, th e  o p tica l m a tr ix
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T a b le  2 .4 : O p tic a l tra n s itio n  energ ies and  m a tr ix  e lem en ts  in G eeSi4 an d  G e/S ia 
su p e r la ttic e s
Ge(5SÍ4/Ge (001) G e7S i3 /G e (001)
E nergy II Pol· ±  Pol. E nergy II Pol. 1  Pol.
Eci“E^i 0.57 0.62
Eci-Ety2 0.87 0.84 *
E ci“Ev3 0.89 0.85 *
E c2"E^1 0.63 * 0.66 *
E c2~ E^2 0.93 * 0.88
E c2" E^ f3 0.95 * 0.89
Calculated optical transition  energies (eV) from highest valence band s ta te  to the 
lowest conduction band s ta te  (i.e. Eyp — >■ Ecq) a t the  zone center. All optical 
m atrix  elements for the in-p lane (||) and perpendicular (J .)  light polarization are 
negligible, except those indicated by stars have small bu t finite values (~  10“  ^ in
a.u .). {AEy = 0.31 eV)
e lem en ts  for th e  tra n s itio n  from  th e  h ighest valance b an d  to  th e  low est conduction  
b an d  s ta te  {Eyi —> Ed)  a t  th e  cen te r of th e  BZ a re  also neglig ible. In G er/S ia  
s tra in e d  s u p e r la ttic e s  only  tra n s itio n s  from  th e  second an d  th ird  valance b an d  
to  th e  low est co n d u c tio n  b an d  s ta te  (Ey2 Ed an d  Eys Ed) have nonzero  
o p tica l m a tr ix  e lem en ts . For G ec/S i^ sy stem , tra n s itio n s  from  second an d  th ird  
valance b an d  s ta te s  to  th e  second conduction  b a n d  s ta te  {Ey2 Ec:i and  Ey2 —>■ 
Eci) have sm all b u t fin ite  o p tica l m a tr ix  e lem en t a t  th e  zone cen ter.
V a r ia t io n  o f  B a n d s  in G e ,„S i„ w it h  t h e  St r a i n
T h e  effect of striiin  on th e  energy  b an d  s tru c tu re  of G eeSi4 and  GeySia 
su p e r la ttic e s  is in v e s tig a ted  from  th e  ca lcu la tio n s  of e lec tro n ic  s tru c tu re  as a  
fu n c tio n  of pa ra lle l la tt ic e  c o n s ta n t. L a ttice  p a ra m e te rs  a re  ca lcu la ted  by using  
m acroscop ic  r u l e s d e s c r i b e d  in section  2.2.1. B an d  offset is u sed  as a  resu lt of a  
lin ear f it '^  betw een  tw o e x tre m e  cases. H ence AEy is o b ta in e d  for in te rm e d ia te  
values of aII from
AE„(a||) = 0.84 -  2.41(a|| -  5.43) (2.32)
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F i g u r e  2 .1 9 : T ran s itio n  energ ies^^s  fu lic tion  of ay in Ge„iSi,i s tra in e d
su p e r la ttic e s
a) GeeSi4 b) GeySia.
w here ay is in A, an d  AEy is in eV . As seen in figure 2.19, all tra n s itio n s  
a re  inc reased  linearly  up  to  oy =  5.58A  an d  th e n  th e y  a re  decreased . T h is  
b eh av io u r is d ue  to  th e  change of o rd erin g  of valance  bands. As th e  para lle l 
la tt ic e  c o n s ta n t increases, th e  energy  of tw ofold valance  b an d  s ta te s  (w ith  Px,Py 
sy m m e try )  decreases w hile th e  energy  of valance b and  s ta te  w ith  Pz sy m m e try  
increases. A t th e  in d ic a te d  value of ay, i.e. 5.58 A, crossing of th ese  s ta te s  gives 
a  m in im u m  a t th e  energy  of th e  valance b an d  s ta te s  so a  m a x im u m  is seen in 
tra n s itio n s . As seen in figure 2.19, a lth o u g h  G eeSi4 s tra in e d  s u p e r la t tic e  has a  
d ire c t b an d  gap  for all values of ay, (5.43A  <  ay <  5 .65A ), G e7Si,3 su p e r la ttic e  
has a  quasi d ire c t b an d  gap  for la rge values of ay. In o th e r  G e„Si„i su p e rla ttic e s , 
p o sition  of th e  m a x im u m  in tra n s itio n  energ ies, i.e. th e  change of o rd erin g  of 
valance  b an d s, is changed  as a  fu n c tio n  of n. As n inci'eases from  0 to  10, it
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is changed  from  a|| =  5.43 A to  ay =  5.65 A. For sm all values of n , A  re la ted  
tra n s itio n  energies a re  sm alle r th a n  th e  energ ies of tra n s itio n s  to  R  an d  X po in ts  
for all values of ay. In o th e r  case, for la rge values of n , th is  b eh av io u r is co m p le te ly  
o p p o site .
C o n c l u s io n
In conclusion , b o th  G ec/S i^  and  G e7/Si,·} s tra in e d  s u p e r la ttic e s  have d ire c t band  
gaps b u t o p tica l m a tr ix  e lem en ts  for co rrespond ing  tra n s itio n s  a re  neglig ible. T h is  
is in ag ree m en t w ith  th e  e x p e rim e n t, w hich failed to  observe  th e se  tra n s itio n s . 
P ossib le  d ire c t tra n s itio n s  a re  from  th e  second an d  th ird  valance  b an d  s ta te s  to  
th e  first (for G e r/S is )  an d  to  th e  second (for G e6/S i4) c o n d u c tio n  b an d  s ta te s .
2.A Empirical Tight-binding Method
T h e re  a re  m any  m e th o d s  to  o b ta in  th e  b an d  s tru c tu re s  of solids in th e  E nergy  
B an d  T heory , such as th e  A u g m en ted  P lan e  W ave M eth o d , th e  O rth o g o n alized  
P la n e  W ave M eth o d , th e  C ellu la r, th e  P se u d o p o te n tia l M e th o d , th e  T ig h t- 
b in d in g  M ethod  an d  m ore  a c c u ra te  m e th o d s  such  as S elf-consisten t F ield  
c a lcu la tio n s  or first p rin c ip a l ca lcu la tio n s . L inear c o m b in a tio n s  of a to m ic  o rb ita ls  
(L G A O ) or tig h t-b in d in g  m e th o d  (T B M ) is th e  m o st s im p les t one in p rac tice  for 
so lv ing  th e  period ic  p rob lem s.
T B M  has o rig inally  been  suggested  by Bloch a n d  d ep en d s  on m ak in g  th e  
lin ea r co m b in a tio n  of a to m ic  o rb ita ls  lo ca ted  on th e  various a to m s of th e  c ry s ta l 
w ith  th e  coefficients as th e  p lan e  waves exp{ikR) w here  R is th e  position  vecto r 
a t  w hich th e  a to m  is l o c a t e d . A r i s i n g  of th e  d ifficu lt in teg ra ls  is th e  expense  
of g e ttin g  so lu tions show ing all th e  co rrec t sy m m e try  p ro p e rtie s  of th e  energy  
b an d s  an d  reach ing  th e  so lu tions for every  b an d  a t an  a rb itra ry  p o in t in th e  
B rillou in  zone, w hereas ap p ly in g  o th e r  m e th o d s  becom es very  d ifficu lt ex cep t a t 
th e  c e rta in  sy m m e try  p o in ts , since th ese  in teg ra ls  a re  in d e p e n d e n t of k. So th ey  
a re  ca lc u la te d  som ehow  once an d  a re  used  a t an  a rb itra ry  ¿ '-point in th e  B rillou in  
zone. F u rth e rm o re , E m p irica l T ig h t-b in d in g  m e th o d  (E T B M ) becom es easier by
Chapter 2. Electronic Structure of Strained Si/Ge Superlattices 52
in tro d u c in g  c o n s ta n ts  for th e  in teg ra ls , th e y  a re  chosen by a  f it tin g  p ro ced u re  to  
th e  re su lt of m ore  a c c u ra te  ca lcu la tions  m a d e  by o th e r  m e th o d s  a t th e  special 
sy m m e try  p o in ts  of B rillou in  Zone, or to  som e e x p e r im e n ta l d a ta .
Now, le t us ta k e  an  a to m ic  o rb ita l (f>n{r — Rt — fi), lo c a ted  on an a to m  a t 
v ec to r p o s itio n  Ri + fi w here  Rt is th e  tra n s la tio n  v ec to r an d  tv is th e  position  
v ec to r in th e  u n it cell an d  n is th e  p rin c ip a l q u a n tu m  n u m b e r. T h en  form  th e  
B loch sum :
1
(2.33)
^Nflnik) i
W e can  th e n  se t up  a  w ave func tion  consisting  of a  lin ea r co m b in a tio n  of all th ese  
B loch sum s:
(2-34)
Uyi
T h e re  will be  a  m a tr ix  e lem en ts  of th e  h a m ilto n ia n  be tw een  th ese  Bloch sum s 
an d  th e se  m a tr ix  c o m p o n en ts  is m ade up  from  th e  in teg ra ls :
J  R i - fi)H<j>„(f- R i - fi)dV (2.35)
w hich will be  rep laced  by d isposab le  c o n s ta n ts  re su ltin g  from  th e  fittin g  
p ro ced u re , w here th e  w ork on th e  la ttic e  s y m m e try  an d  neg lec ting  th e  far 
in te ra c tio n s  reduces th e  size of th e  m a tr ix . T h en  v a ria tio n a l calcu lus gives us 
a  secu la r e q u a tio n :
[H -  IE]a =  0 (2.36)
R esu ltin g  w ave fu n c tio n s  an d  energy  levels from  th is  secu la r eq u a tio n  a re  th e  
so lu tions  of th e  p erio d ic  p o te n tia l p rob lem .
2.B ETB Energy Bands of Diamond 
Structure
E nergy  b an d s  of D ia m o n d  s tru c tu re : (,x· =  k^a)
A t F - p o i n t
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Figure 2.20: Diamond Structure
F (rO  = F,+4.s.s’ +125.S
^ ( r - 2 ) =  Es -  4ssl +  \2ssl
E(r2s) =  E p -  ^{ppI + 2ppl) + 4{ppI + 2ppl)
E{T,s) = Ep + ^^{ppl+2ppi) +  i {ppl+2ppl)
Along r X  direction:
(T rip le)
(T rip le)
E {rX 4) = Ep + 2ppl (cos ^  +  1) +  (3 cos |  +  1)
±  [  W  +  cos  ^ ^  +  {ppI -  ppiy  sin'^ (D ouble)
E (rX i )  =  1 | ( f ,=f 4 5 5 ^ c o s^ + 4 s s 2 (2 c o s |  +  1 ))
(
4 X X  X \
EpT^ippl +  ‘^ PpD  cos -  +  4pp^ cos -  +  4pp^(cos -  +  l ) j
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Es^^ssl cos j  + is.sl(2 cos I  + 1
X
-  EpT:^{ppl + cos -  + 4pp  ^cos -  + 4pp^{cos -  +  1
+ 4  sin ^  + 4\/2spi sin -
2 
1/2 1
At A -point;
n 2
^ ( ^ i )  =  ^ { ( £ ^ s - 4 . ss^) +  ( Æ ; , - 4 p 74)
±   ^ \(Es -  4,s.s^) -  {Ep -  4ppl)Y +  j i ^ p l Ÿ
4
^(^4) = { E p  -  4ppi) ± - ( ppI -  PpI) 
Along TL direction:
(Double)
(Double)
E{TL:i) =  (Ep + 4{ppI + 2ppl) cos^  ^  + 2{ppl - ppl) sin'^  ^
4
3
{ppI +  2?^pi) cos··’ ^  +  {ppI -  ppI) sin '' ^  cos ^
+ {ppl + 2ppl) sin·' -  + {ppl -  ppI) cos'^ -  sin j
2^-\ 1/2 X  ^ ' (Double)
At L-point:
E{L,a') =  { \ e , ^ ssI ) ^ ( ^ - E p - 2 { ppI - ppI)±^-{ppI + 2 ppI):e I { ppI - P p\ 
±  I  {^-EsT-^sD -  (^ ^^ Ep -  2{ppI - p]^^)±l^{ppl +  ‘2ppl)^\{ppl ~ ppI
+ ^ s p i r Y '^
E{Ly,3 ) = Ep± ~^ {2ppl +  ppl) +  2(pT>  ^ -  ppl) (Double)
Energy bands of Strained Diamond structure:
2
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B ecause  of d is to r te d  la ttic e , we need  scaling  for energy  p a ra m e te rs :
ss„
PPcr
PPr
D irec tio n s  a re  an iso tro p ic :
r X  d irec tio n : -— [-—;------ 00]
(I 1 +  Cxx
TL d irec tio n :
27t 1
«1
SSn
012'do'
7 1
0(3'do
7 '
«4'do
7 1
27t 1
— [0— ^ 0 ]
(I 1 “i" X^X
1
27t . 1
- [ 0 0 -
« 1 +  ‘
1
2(1 +  txx) 2(1 +  Cxx) 2(1 +  e ,.)
L et X = kxa{l +  ea,.^ ·) y =  kya{\ + txx) z = La{l  +  e - ,)
At F-point
E{T,) = Es -  4 ( :  
+  4
3
ai /2
2(1 +  +  (^ +  z^z) ,^
1 \  “ I
1 +
+ 2
ss„
2 «i/2N
EiT,) =  E, +  4 ( -  
+  4
3
(1 +  eari)^ +  (1 +  
\  "i/2
ss„
2(1 +  ex,.)^ +  ( l  + f 2 z ) ^  
1
ss„
1 +  fxa
«i/2N
+ 2
(1 +  Cxx)'^  +  (1 +  ^
ss„
3p ^  F  +  4 I +6xx)^  / _______________________
 ^ 2(1 +  Cxx)^ +  (1 +  Czz)^ d" ^xxy d" d" ^2=)^,
«3/2
ppI
3(1 d- £xx)'  ^ d- (1 d- z^z)  ^ ( _______________________
2(1 +  £xx)^ d- (1 d- tzz)^ \2 (1  +  txxY  d- (1 d- fzz)^,
«4/2
ppI
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+ 2  
+ 2
1 « 3
1 +  f r a , . .
______ (1 +  x^x) _^_____  / __________ 2__________
(1 +  x^x)  ^ +  (1 +  (^ zz)^  V(1 +  x^x)  ^ +  (1 +  z^z) ,^
aj/'A
ppI
2 ( 1 +  x^x)  ^ +  2(1 +
C V 4 / * 2 >
(1 +  x^x)  ^ +  (1 +  \(1  +  x^x)  ^ +  (1 +  ^zzY J
s p lit tin g  s ta te s :
E = E
 ^ I 2(1 +  txx)'  ^ +  (1 +  -^ZzY \2 (1  +  ta;x)'^  +  (1 +  tzz)  ^,
PpI (D ouble)
03/2
ppI
+ 2  7 (1 +  x^x)
2 3 «4/2
2(1 +  txx)'  ^ +  (1 +  V^(^ “t" +  (1 +  z^z) ,^ ppI
+8
+ 4
( 1 + e . . ) '^
azl2
(1 +  ^xxY +  (1 +  ^zzY \ ( 1  +  x^x)  ^ +  (1 +  ^zzY,
I \  «4
1 +  Ci-x
(1 +  €xx)^ 2
ppi
\ Oia/'A
■'■^1 +  +  (1 +  «=.-)" 1(1 +  € . . r  +  (1 +  e.-.-)" j  '
Along [100] or [010] direction:
EirX^)  =  E , +
1 \
1 4" Cxx
+ 2
+  63
(1 +  e..)·^ 2
cv3/2>
(1 +  x^x)  ^ +  (1 +  z^z)  ^ \ ( 1  +  (^ xx)^  +  (1 +  z^z)  ^^
2 \  <^4
X
.  cos -Pp I 
1 +  X^2
_j_.^2(l +  Cxx)'^  +  (1 +  ^zzY 2 0(4/2>
(1 +  x^x)  ^ +  (1 +  \ ( 1  +  txx)'  ^ +  (1 +  €-2 )^  ^
PPn cos -
+ 2
2 «3/2
(1 +  Cxx) ·^ +  (1 +  3^2
ppI
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«4/2
+2
±
\(1  +  +  (1 +  
(1 +  x^x)  ^ — (1 +  Czz)^
ppI
0 1 3 /2
2(1 +  Cxx)'^  +  (1 +  t~.y^  I \2 (1  +  x^x)  ^ +  (1 +  z^z)^ ^ ppI
«4/2
1 +
<^3
- 2 -
2(1 +  txxY +  (1 +  c-zzY ^
2
PPz I cos -
013/ 2)
(1 +  ^xx)'^ +  (1 +  ^zz)^ \ ( 1  +  ^xx)^ +  (1 +  ^zz)^^ 
J \  «4
PPc cos -
1 +  Ca
- 2 (1 +  c .J^
Oi/2)
X
(1 +  f-xxY +  (1 +  f-zzY \ ( 1  +  CxxY +  (1 +  Czz)^ PPr cos -
g (l + Cxx)'^  -  (1 + ^ zz)^  (_________ 2_________
(1 +  x^x)  ^+  (1 +  \(1  Cxi)^ +  (1 +
2 ( 1  +  Cxx)^ — (1 +  (zz)  ^(  2
0C3/2
ppI
«4/2
± 2
(1 +  x^x)  ^ z^z)  ^ "I" (1 z^z)  ^^
(1 +  ^xxy +  (1 +  z^zY (  3
w 4
«3/2
2(1 +  txx)'  ^ +  (1 +  tzz)  ^ \2 (^  "i" x^x)  ^ +  (1 +  z^z)^ ppI
«4/2
X3(1 + e ,, .) ^  +  ( l  + e , , ) ^  / __________ _3__________ _
2(1 + Cxx)^  + (1 + Czz)^ ^2(1+ Cxx)^ -l· {I z^z)^ }  ^I 4
1 2
+  16
(1 +  ^xr)(I +  z^z) 3
«3/2
2(1 +  Cxx)'^  +  (1 +  tzzY)  \ \2 (1  +  ^xxY +  (1 +  ^zzY, ppI
3
a4/2
2(1 +  6xx)'^  +  (1 + CzzY pp\ I sin^
1/2
«1/2
X
SS"^ COS —
+  4
1
. 1 +  x^x
Ofi cvi/2
COS — h
2 ■ V ( l + . „ P  +  ( l + e . p j  +
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+  ±  4
(1 +  6xx)‘‘ «3/2
2(1 +  Cxx)·^  +  (1 +  ^2(1  +  cxx^ +  (1 + PP<r
3
+ 2
(1 +  x^x)  ^ +  (1 +
2(1 +  ei-a·)  ^ +  (1 +  e--)2 \^2(1 +  Cxx)'^  +  (1 +  e^.y^ 
1 \
1 +  (xx
at/2 X
PP^  cos
+2 (1 +  eo.·!·)"
2 «3/2>
+
(1 +  tx-a·)·^  +  (1 +  \(1  "I" x^x)  ^ +  (1 +  2^z)  ^J
1 \  «4
ppI
1 +  Cx-x
+ 2
«4/2
(1 +  ixx)·^ +  (1 +  \(1  +  ^xxY +  (1 z^z)^
PP^  cos
+ 4
2 CV4/2
(1 +  x^x)  ^ +  (1 +  ^
3
ppI
ai/2
E . ± 4
2(1 +  Cxx)'^  +  (1 +  Cz y^ ^
ss  ^ cos -
+  4
( 1 +  tx-x·)·^  +  ( 1 +  z^z)^ 3
«4/2 X
2(1 +  e ,,)^  +  (1 +  £ „ )^  12(1  +  £ . .) "  +  (1 +  £ ,.-)V  *
+2
1
1 +  t x - x
«3
+2
+
(1 +  Cx-x·)'^
«3/2>
(1 +  Cxx)^ +  (1 +  tz^y \ ( 1  +  txx)'  ^ +  (1 +  Czz) ,^ 
I \  "4 
1 +  ¿1
ppI
+ 2
(1 +  e ,,) 2
Oi/2\
X
(I + £.,)" + (1+  £=--)" 1(1 + £·.)■' +  (1 + £«)V  /  ’'’’ l  2
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04/2 T 2
+ 4
+ 6 4
(1 +  €x-x)  ^ +  (1 +  ^
i_\_ /  1
ppI
\ y/2 V 1 + Cx-x /
, 1 +  x^x cv2/2>
[(1 +  x^x)  ^ +  (1 +  \(1  +  x^x)  ^ +  (1 +  z^z) ,^
sp  ^ sin -
1 +
CV2/2
[2(1 +  +  (1 +  ^2(1  +  ^xxV +  ( 1 +
X
sp^ „ sin — 
4
1/ 2 '
At A-point:
E{X^) ^ E ^ -
1 +  Cx
«3
-2 - (1 +  txx)"
-  3
(1 +  x^x)  ^ +  (1 +  z^z)  ^ \ ( 1  +  x^x)  ^ +  (1 +  z^z)  ^^
1 i
«3/2N
2
ppI
a^ /2\
1 +  x^x
1 \  ‘^'"3
- 2 -
(1 +  ^xxY +  (1 +  \ (^  "I" ^xxY +  (1 +
(l+ e x x )·^  (  2
ppI
+
+ 1 6
1 +  CxxJ (1 +  ex-x·)·^  +  (1 +  €zz)  ^ \ ( 1  +  Crx)^ +  (1 +  ^zzY J
]^ \  OT4 i ^  \  ^ \'2 /  o \f^ A/2^
ppI
.1 + ^ 2
- 2
(1 +  ^xxY
(1 + CxxY + (1 + €zzY \(1 + ^xx·)·^ + (1 +
^..2
PPr
(1 +  exx)(l +  (zz) 3
«3/2
2(1 + £x-x)^  + (1 + c ~ z Y )  1 \2(1 +  Cxx)·^  +  (1 + (-zz)^ PPa
3 «4/2
2'!
2(1 + t x x Y  + (1 + C z z Y  ^ ppI (D oub le)
B ( X , )  = j { ( i ; . - ^
+  ( Ep — 2
+ 2
1 CVi
1 +  X^X'
1 \  «3
1 +  x^x^
(1 +  x^x)^
(1 + x^x)^  + (1 + 6;:::)’^ \(^  "I" + (1 + z^z)^ ppI
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+
1 \
1 +  Ci
2-
(
E s -
Ep - 2 i '
(1 +  txx)^ « 4 /2
1 +  dxx)  ^ +  (1 +  \ (1  +  x^x)  ^ +  (1 +  ^zzY,
1 \  « 1
35,
1 +  x^x /
I \  "3
+2
1 +  X^X '
(1 +  x^x)^ «3 /2 >
+
(1 +  x^x)  ^ {i + CzzY \ (1  +  ^xxY +  (1 +  ^zzY ^
j \  «4
ppI
1 +  Cx
+  64
Along [001] direction:
E{TZ^) =
1 2
(D oubk
Ep +  2
+ 4
1 2 /  1 N“^ 2
PPcr +  ( , , ) PPw
1 +  x^x
(1 +  fxx)^
1 +  Cx-1
«3/2
(1 +  txx)^ +  (1 +  f^ zz)^  \ ( 1  +  ^xxY +  (1 +  z^z) ,^
(1 +  x^x)  ^ +  2(1 +  £22)^ /  2
ppI
«4/2
(1 +  £xx)^  + (1 +  2^ 1)^  \(1 +  Cxx)^  +  (1 +  2^2)^/ j 2
±  4 (1 +  exx·)·“
3 «3/2
2(1 +  £xx)·' +  (1 +  £22) '  \2{l + txxY +  (1 +  £22) ^ ppI
3(1 +  £xx·)^  +  (1 +  £2 2 )  ^ / __________________________
2(1 +  £xx)·^  +  (1 +  £2 2 )·^  \2(1 +  ixx)^ +  (1 +  ¿2 2 )·^ ^
«4/2 1 2
ppI cos  ^-
+
(1 +  £xx·)^ 3
0(31'i·
2(1 + £xx·)·' + (1 + ^22)' \  \2(1 + CxxY +  (1 +  £22)2,
«4/2 \  T 2
2(1 +  £xx)·  ^ +  (1 +  £22) ^ )
ppI
1 / 2
sin -  
4
* (D ouble)
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ЕІГЕг) =  :
1
2
+ 4
Es ή: 4
1 +
3 Г ’/·' J 2
;2 ( 1 + е . . . ) 2  +  ( 1 + е , , ) Ѵ  4
«1 /  9 \û ii/2
+  4 ( i + * . - F  +  ( i  +  ^ - - ) 0
+  И 'р  ^  Ч  :
3 аз/2
+2
2(1 +  +  (1 +  б ,,)2  \2 (1  +  +  (1 +  е,,)\
(1 +  Схх)  ^ /  3
ррі
« 4 / 2
2(1 +  Схх)'^  +  (1 +  e^ z)  ^ \2 (1  +  ехз;У +  (1 +  ^ РРіг I cos -
+ 4
\  \  ^ 4
І “h х^х РРІ
+ 8 (1 +  с..)·^
« з / 2
(1 +  6χχ)^ +  (1 +  е^г)·  ^ \(1  +  х^х)  ^ +  (1 +  ^ζζ) ,^ РРІ
(1 +  СххУ «4/2
(1 + бх-х·)·^ + (1 + Сгг)^  \(1 + х^хУ + (1 + ζ^ζΫ ]  I 2
Es ± 4
3
« і / 2
;2 (ΐ+ 6 χ .χ .)2  +  ( ΐ  +  6χχ)^
+ 4
1 +  6χ
«1
SS' cos -  
4
α,/2
+  2
(1 +  6χχ)^ +  (1 +  ^ΖζΥ J
( 1 + e , , ) ^  (  3
cos -  I SS,,
аз ¡2
 ^ * 2(1 +  6χ.χ)·^  +  (1 +  c-zzY \,2(1 +  CxxY +  (1 +  CzzY pp\
+ 2 :
( 1  +  6 χ χ )
2 3
ai ¡2
+ 4
2(1 +  6χχ)^ +  (1 +  tzzY ^χχΥ 4" (^ 4" z^z)‘
J \
2 I ΡΡιτ I cos
1 +  f X X
4-8 ‘
УРІ
( l+ í- - - · )^
«з/2
(1 4- 6χχ)·^ 4- ( i  4- ^ζζΥ ν(1  4- б:сх)'  ^ 4- (1 4- ^ζζ)\ РРІ
(1 -f бхх)·“ 2 « 4 / 2
(1 +  ( , . ï ‘  +  (1 +  e .,)^  1(1 +  ίχχ)"  +  (1 +  f - - .)V  2
+ 6 4
1 4* бг
«2/2
'[(1 +  ίχ χ )"  +  (1 +  1(1 +  e.·*)' +  (1 +  ' « ) Ѵ  2
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1 +  e ..
«2/2 - 2'
1/2 ^
►
j
A t  Z —p o i n t :
E^Z^) — Ep 2
1 «3
+ 2
1 +  fl-x-
(1 +  61-1· )·^  (  2
(1 +  €xx)  ^ +  (I +  £33)^ \ ( ^  "I· r^x)  ^ +  (1 +  €33)^,
2 \  "4
CV3/ 2'
PPa
1 +  x^x
2 ( 1  +  x^x)  ^ +  2(1 +  Cxx)^ 2 «4/2N
±  4
(1 +  x^x)  ^ +  (1 +  ^33)^ +  x^x)  ^ +  (1 +  )
2 /  /  2
ppI
( I +  fix·)'
2(1 +  +  (1 +  z^zY \ \2 (1  +  ^xxY +  (1 +  z^zY )
\  <^4/2
pp\
^2(1 +  exx)^ +  (1 +  (-zzY, ppI
(D ou b le)
1
2
+
+
+
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Along TL  direction:
E{rL) =  E, +  2
+ 2
+
1 «3
1 +  fx-i/
( 1 +  x^x)^ 2 ai/2\
(1 + + (1 + V(1 + x^x)^  + (1 + z^z)^ ,
1 \  «4
ppI
1 +  fx2
+  2(1 +  e~~y^ 2 0(4/2
(1 +  x^x)  ^ +  (1 +  z^z)  ^ \ ( ^  +  x^x)  ^ +  (1 +  z^z)  ^,
2 1 ___ 2PPir I COS -
+ 2
1
1 +  X^3
« 3
pp I -
1 «4
±  4
(1 +  fx!·)·“ i  i «3/2
2(1 +  txx)  ^ +  (1 +  tzz)  ^ y 2 ( l  +  txx)  ^ +  (1 +  z^z) ,^ ppI
CV4/2
(1 +  ¿xx)^ +  (1 +  ^zzY ( ___________ 3___________ \ ■■ 3 ^
'2(1 +  CxxY +  (1 +  e ,,)· ' V 2(l +  Cxx)·' +  (1 +  +-.-)2 J  J  4
(1 +  fxx)^ 3
«3/2
2(1 +  ex,.)·  ^ +  (1 +  I \,2(1 +  txxf  +  (1 +
3
014/2
ppI
1 I . 2 ^  ^
,2(l+eJ^ + (H-e„W I
+
( 1 +  Cxx)·“ 3
«3/2
2(1 +  txx)^ +  (1 +  \2 (1  +  Cxx)·^  +  (1 + Czz)^ ppI
04/2
+  ( l + t „ ) ' ^  ( ___________ 3___________  _
2(1 +  fxx)·^ +  (1 +  \2 (1  +  Cxx)·^  +  (1 +  z^z)  ^ / / 4
1 1 ^
(1 +  fxx)·^ 3
«3/2
2(1 +  exx)·  ^ +  (1 +  e~z)  ^ \  \2 (1  +  x^x)  ^ +  (1 +  (^ zz)^
\ «4/2
ppI
 ^ -----------TT ] pp\ I cos^ -  sin —
2 ( 1 +exx) 2  +  ( l + e , , ) ' /  / 4 4
n 2'1 1/2
At L—point:
E{L)  =  Ep +  2
1 +  Cxx
« 3
ppI
1 +  fxa
CV4
ppI
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± 2 2
( i ± 3
«3/2
2(1 ±  Cxo.·)^  ±  (1 ±  \^ (1  +  ±  (1 ±  z^z) ,^
(1+^3.-)'^  i  3
ppI
at/2
2(1 ±  ±  (1 ±  Czjj)·^  \2 (1  ±  x^x)  ^ ±  (1 + z^zY ppI
Chapter 3
Green’s Function Approach for 
the Electronic Structure of 2D 
Systems
T h e  p ro p e rtie s  of a  condensed  sy stem  is s tro n g ly  d e p e n d e n t on its  d im ensionality . 
T w o d im en sio n a l (2D ) e lec tro n  sy stem s a re  th e  ones in w hich th e  co m p o n en ts  
of th e  sy stem  a re  free to  m ove in tw o sp a tia l d im en sio n s b u t have th e ir  
m o tio n  c o n s tra in e d  in th e  th ird  d im ension . T h ere fo re , th e  sy stem  preserves th e  
tw o d im en sio n a l p e riod ic ity . H ence, it is a p p ro p r ia te  to  define layer o rb ita ls  
in 2D sy stem s. Som e ex am p les  of 2D sy stem s a re  .sem iconductor surfaces, 
h e te ro ju n c tio n s , ^ -dop ing , and  layered  sy stem s. In th is  c h a p te r , e lec tron ic  
s tru c tu re  of 2D sy stem s such as i -d o p in g  an d  tip -sa m p le  in te ra c tio n  on Si(lOO) 
su rface  a re  in v e s tig a te d .
3.1 Green’s Function and Perturbation 
Theory
To know  th e  u n it  sou rce  response  of a  d ifferen tia l o p e ra to r  is essen tia l for varie ty  
of p ro b lem s in physics. G re e n ’s func tion  of a  lin ear, h e rm itia n , tim e  in d e p en d en t
65
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lin e a r  o p e ra to r , L{r), is defined  by th e  equation*^^
{ z -L {7 ^ ) )G {ry -z )  = S{r-7·') (3.1)
w here  z = \ + is is a  com p lex  variab le , w ith  th e  sam e  b o u n d a ry  co n d itio n s  of 
e igenvalue  p ro b lem  of L for 7^ , r' on th e  su rface  S w hich covers f, r'. U sing th e  
c o m p le te  set of e ig en fu n c tio n s  of L w hich is g iven by th e  e q u a tio n
o ne  g e ts  for th e  G re e n ’s fu n c tio n
n  ^ J
> <  ^ n |
Z An
(3.2)
(3.3)
w h ere  th e  su m m a tio n  is d u e  to  th e  d isc re te  s p e c tru m  of L a n d  th e  in te g ra tio n  is 
d u e  to  th e  co n tin u o u s s p e c tru m  of L. S ince L is a  h e rm itia n  o p e ra to r , all of its  
e igenvalues a re  real. So G re e n ’s fu n c tio n  is a n a ly tic  on th e  2r-p lan e  ex cep t from  
so m e p o rtio n s  of th e  rea l ax is. W hen  co incides w ith  th e  d isc re te  eigenvalues of 
Zy, G{z) has s im p le  po le  a n d  for th e  case of co n tin u o u s  s p e c tru m  G{z) is defined 
by a n a ly tic  c o n tin u a tio n  an d  has a  b ran ch  c u t on th e  real ax is. W e can  s ta te  
inverse  of th e  above a rg u m e n t as th e  poles of G{z) g ive th e  d isc re te  eigenvalues 
of L. In ad d itio n  to  th is  d e n s ity  of s ta te s  (D O S ), N{\), can  b e  w ritte n  as follows:
1
A^(A) =  — Im{TrG{\))
7T
(3.4)
T h e re fo re , defin ition  of G re e n ’s fu n c tio n  converts  th e  e igenvalue  p ro b lem  to  th e  
c o m p u ta tio n  of G re e n ’s fu n c tio n .
W e can tr e a t  th e  defec t p ro b lem , i.e. im p u rity , i -d o p in g ,  h e te ro ju n c tio n , 
q u a n tu m  well and  tip  a to m  of S T M , w ith in  a  p e r tu rb a t iv e  ap p ro ach . 
H a m ilto n ia n  of th e  p e r tu rb e d  sy stem  can  be w ritte n  in tw o p a rts :
H = Ho+ V (3..5)
Ho is th e  perfec t c ry s ta l H a m ilto n ia n  of a  perio d ic  la t t ic e  w ith  eigenvalues 
a n d  e ig en sta te s  V d en o tes  th e  dev ia tio n  from  th e  p e rfe c t p o te n tia l d u e  to
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th e  d e fec t, such as ¿ - la y e rs . So th e  S ch röd inger e q u a tio n  o f th e  p e r tu rb e d  c ry s ta l 
be
H<if =  (Ho +  V)'^ =  E 'i (3.6)
T h e  S ch röd inger e q u a tio n  can  be w ritte n  in a n o th e r  w ay
^ ^ { E -  Ho)-^V^ = Go(E)V<l> (.3.7)
A ssu m e  th a t  th e  so lu tio n  of th e  u n p e r tu rb e d  c ry s ta l is know n
(3.8)
T h e n , th e  form al so lu tio n  of e q u a tio n  3.6 is g iven by L ip p m an n -S ch w in g e r 
e q u a tio n
^ = ^ n H  + Go{E)V<a
or
w h ere  th e  o p e ra to r  Q{E)  is defined  as follows:
Q{E) =  1 -  Go{E)V
W e can  expre.ss Go{E) in te rm s  of th e  e igen func tions  of Hq.
If ,.«  XCME) =
1
E - H o = Enk
11 k
E - E
(3.9)
(3.10)
(3.11)
(3.12)
Ilk
T h e  so lu tions  of e q u a tio n  3.6 can  be classified in to  tw o g ro u p s d ep en d in g  
on w h e th e r  th e  e igenvalue  E co incides w ith  th e  s p e c tru m  of Ho o r no t. T hese  
a re  b o u n d  s ta te s  a n d  reso n an ces  or an tireso n an ces . If th e  e igenvalue  E does 
n o t co incide  w ith  th e  s p e c tru m  of Ho, (say it is in th e  b an d  gaps of th e  
u n p e r tu rb e d  c ry s ta l) , th e  co rre sp o n d in g  s ta te s  a re  b o u n d  s ta te s  localized  a ro u n d  
th e  p e r tu rb in g  p o te n tia l . In o th e r  w ords, th e  w ave fu n c tio n  'I' m u st be 
ex p ress ib le  as a  lin ea r c o m b in a tio n  of perfec t sy s te m  w ave fu n c tio n s  aw ay from  
th e  p e r tu rb a tio n , b u t w ith in  th e  b an d  gap  th e  only  so lu tio n s  of perfec t sy stem  
a re  th e  ones w ith  im a g in a ry  k, i.e. e x p o n en tia lly  decay in g  or ra is in g  functions. 
T h e re fo re , th e se  so lu tio n s  a re  b o u n d  s ta te s .
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E q u a tio n  3.6 can be tra n s fo rm e d  to  a  sy stem  of lin ea r a lg eb ra ic  e q u a tio n s  by 
e x p a n d in g  th e  w ave fun c tio n  »I» in te rm s  of a  su ita b le  co m p le te  o r th o n o rm a l basis 
se t <f>a
^ =  '£C^</>  ^ (3.13)
Of
T h e  basis  se t w hich is a p p ro p r ia te  for th e  p ro b lem  is choosen . For ex am p le  
lo ca lized  W an n ie r fu nc tions , B loch fu n c tio n s  or th e  e ig en fu n c tio n s  of th e  p erfec t 
sy s te m . T h e n , by p ro je c tin g  o u t th e  space  co o rd in a tes  th e  S ch röd inger eq u a tio n  
is w r itte n  as a  sy stem  of lin ea r a lg eb ra ic  eq u a tio n s .
H ence, w ith in  th e  b an d  gaps, i.e. =  0, S ch röd inger e q u a tio n  becom es
w h ere
-  E  Cr“(E)V„v]C„, = 0
Of' Of"
<  > <  nk\a' >
G r ' iE )  =  E
7 l k
E - E .
(3.14)
(3.1.5)
nk
is th e  G re e n ’s m a tr ix  e lem en ts  of th e  u n p e r tu rb e d  sy stem . O r in m a tr ix  n o ta tio n
[ i - G V ] C  =  0 (3.16)
For n o n tr iv ia l so lu tion  of a  b o u n d  s ta te  th e  d e te rm in a n t oi Q{E) =  1 — 
Gq{E)V  van ishes,
d e t II Q{E)  11= d e t || 1 -  Go{E)V | |=  0 (3.17)
T h is  is ju s t  th e  ex isten ce  c o n d itio n  for th e  b o und  s ta te s . For a  localized  
p e r tu rb a t io n , V  will have blocks w ith  all zeros.
V  =
V 0
0 0
(.3.18)
In se r tin g  th is  to  th e  eq u a tio n  3.16 reduces  th e  size of th e  p ro b lem .
Ctu (^121 0 
0 1 ^21 22
V 0 
0 0
’ C i ■
. .
= 0 (3.19)
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or
1 - G 4 , V  0 \ I Cl
C2- o v  1
=  0
So th e  p ro b lem  is sim plified  as
d e t II \-G^iiV  11=0
(3.20)
(3.21)
T h e re fo re , d ep en d in g  on th e  choosen basis se t and  range  of p e r tu rb a tio n  th e  size 
m a tr ic e s  reduces.
T h e  eigenvalue , Eb, of th e  b o u n d  s ta te s  can  be found by ju s t  search in g  th e  
zeros of d e t || Q{E)  ||, th e re a f te r  one  can  c a lcu la te  th e  co reesp o n d in g  w ave 
fu n c tio n . F rom  eq u a tio n  3.20 we have
C l =  G^.VCi
C , =  GhVCi
(3.22)
(3.23)
A fte r c a lc u la tin g  v ec to r C i by ju s t  d ia g o n a liz a tio n  of eq u a tio n  3.22, or by so lv ing  
th e  lin e a r  eq u a tio n  sy stem , we can  use it to  ca lcu la te  C 2 by e q u a tio n  3.23.
If th e  e igenvalue  E co incides w ith  th e  sp e c tru m  of Яо, ( s ta te s  w ith in  th e  
b a n d s ) , s ince  th e  rig h t h an d  side of e q u a tio n  3.10 is n o t zero , so lu tio n s  alw ays 
e x is t w ith  th e  b an d s of p e rfec t c ry s ta l. T h e  w ave fu n c tio n , of course , a re  no t 
b u t a re  g iven by L ip p m an -S ch w in g er e q u a tio n . In th is  en erg y  ran g e  G re e n ’s 
fu n c tio n  is defined  by a n a ly tic  c o n tin u a tio n .
T h e  d e n s ity  of s ta te s
1
N{E) =  — Im[TrG{E)]
ж
(3.24)
is ch an g ed  in th e  v ic in ity  of d efec t. H ere  G{E)  is th e  G re e n ’s fu n c tio n  for th e  
p e r tu rb e d  sy s tem . U sing th e  fac t
(IE
=  1
we can  w rite  th e  G re e n ’s fu n c tio n  as
d
G{E) =  - — \nG{E)
(3.25)
(3.26)
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T h e  tra c e  can  b e  e v a lu a te d  in any  re p re se n ta tio n  w hich d iagonalizes G, s ince Tr 
is an  in v a ria n t. As a  re su lt we can  get
1 d
N{E) = — Irn—— \ndet G(E)
7T (lE
T h e  G re e n ’s fu n c tio n  can  be c a lc u la te d  from  D y so n ’s e q u a tio n
(3.27)
G =  Go +  GoVG (3.28)
or
G = ( l - G o V ) - ^ G o  (3.29)
In se r tin g  th is  to  th e  d en s ity  of s ta te s  exp ression  we can  g e t th e  change in th e  
d e n s ity  of s ta te s :
AN{E) = N{E) -  No{E)
- — —/ m - ^  In d e t ( l  — GqV)
7T d E
— — Im— ;\n.deiQ{E)
7T c ih j
Now using  th e  fac t Irn In.:: =  a rc tan (;^ ) for z =  a + ib
ANiE)  = -------—  a r c ta n ( —— ;— —)
7T (IE  ^Re d e t Q
(3.30)
(3.31)
(3.32)
A p eak  in th e  AN {E)  is called  a reso n an ce  w hile a  d ip  is called  an  an tireso n an ce .
F ina lly , le t us re s ta te  an  im p o r ta n t th e o re m  know n as L ev in son ’s th e o re m  
w hich is a  consequence  of th e  a n a ly tic a l p ro p e rtie s  of Q. It expresses th e  
co n se rv a tio n  of s ta te s .
/
O O
AN{E)dE =  0 (3.33)
-O O
For every  s ta te  in th e  g ap , a  s ta te  m u s t be m issing  in th e  b an d s . S im ila rly  
reso n an ces  m u s t be co m p e n sa te d  by a n tire so n an ces .
/  AN{E)dE =  -Nb
J bands
(3.34)
w here  Nb is th e  n u m b e r  of b o und  s ta te s .
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As a  re su lt , we can  list th e  ad v an tag es  of G re e n ’s fu n c tio n  m e th o d  as th e  sm all 
m a tr ix  sizes w hich  d ep en d s  th e  p e r tu rb a tio n , an d  th e  decrease  in c o m p u ta tio n  
tim e , s ince th e  G re e n ’s fu n c tio n  is c a lc u la te d  once, and  th e n  can be used  for 
d ifferen t p ro b lem s w ith  sam e u n p e r tu rb e d  h a m ilto n ia n  such as d ifferen t dop ing  
c o n c e n tra tio n , d ifferen t dop ing  a to m s by ch ang ing  th e  p e r tu rb a tio n  m a tr ix .
3.2 Green’s Function for the Systems with 2D 
Periodicity
In th is  sec tio n , we w ould  like to  p re sen t tw o ty p es  of a p p lic a tio n  of th e  G re e n ’s 
fu n c tio n  m e th o d  o u tlin e d  above. B o th  a p p lic a tio n s  p e r ta in  to  sem ico n d u c to rs  of 
low er d im e n s io n a lity : T h ese  a re  th e  ^ -d o p in g  a n d  th e  t ip -su rfa c e  in te ra c tio n s  in 
S T M  by ta k in g  th e  i - l a y e r  and  th e  tip  as a  p la n a r  p e r tu rb a tio n , respectively . 
W e tr ie d  to  solve th e se  p rob lem s using  th e  G re e n ’s fu n c tio n  m e th o d  w ith  th e  
e m p irica l tig h t b in d in g  m e th o d . S ince th e  sy s te m  p reserves  th e  tw o d im ensiona l 
p e rio d ic ity , th e  basis se t is ta k en  as layer o rb ita ls  w hich a re  s im p ly  B loch sum s 
in tw o d im en sio n s.
^man
(r )  =
1
\ /Â ÿ v : E
Jq’{pi+X «  -  K ) (3.35)
2 I
w here  p¡ a re  th e  la t t ic e  v ec to r of th e  tw o d im en sio n a l la tt ic e . A”“ a re  th e  position  
v ec to rs  of th e  a to m s  in th e  tw o d im en sio n a l u n it cell an d  th e y  can  be decom posed  
in to  tw o p a r ts  as su rface  para lle l co m p o n e n t, an d  p e rp e n d ic u la r  co m p o n en t 
T h e  in d ex  m  labels  th e  layer w hile p labels  d ifferen t a to m s in th e  sam e 
p lane . {p /,A ”‘·} span  th e  e n tire  bu lk  la ttic e , an d  a labels  th e  o rb ita ls . A^iA 2^ is 
th e  n u m b e r  of la t t ic e  p o in ts  in th e  2D la ttic e . S im ila rly  B loch w ave v ec to r k is 
deco m p o sed
k =  (3.36)
w here  q is a  tw o d im en sio n a l w ave vec to r, g is th e  rec ip roca l la tt ic e  v ec to r of tw o 
d im en sio n a l la tt ic e  an d  is th e  p e rp e n d ic u la r  c o m p o n en t.
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S ta te s  of th e  p e r tu rb e d  sy stem  a re  th e n  ex p a n d e d  in te rm s  of th e  layer
orb itap3o,i3 i
f - f i e  =  E  (3.37)
3
w here  j  =  map is a  co m p o site  index  for th e  layer o rb ita ls  an d  5 labels  th e  s ta te s . 
T h e n  G re e n ’s fu n c tio n  becom es^^°’^^ *
G “ · (a E) =   ^ +  9i ki_)C*,”-{q +  g, k±)
" E ^ - E n { q  +  g M )
(3.38)
w here  C /‘ a n d  En a re  e ig en fu n c tio n  an d  e igenvalue of th e  e n tire  bu lk  la ttice . 
T h e  energy , E'^, is g iven by E +  ie, w here  e is a  very  sm all q u a n tity  for th e  
energ ies w ith in  th e  b an d s  of u n p e r tu rb e d  sy stem . N3 is th e  n u m b e r  of la ttic e  
p o in ts  in th e  p e rp e n d ic u la r  d irec tio n . P r im e  over th e  s u m m a tio n  in d ica te s  g 
v ec to rs  c o rre sp o n d in g  to  k w hich lie in side  th e  first B rillou in  zone acco rd ing  
e q u a tio n  3.36. N o te  th a t  th ese  bu lk  s ta te s  a re  c a lc u la te d  once  for all in an 
a p p ro p r ia te  cell a n d  used  for defec ts  (p e r tu rb a tio n , i.e. i -d o p in g s )  hav ing  
p e r tu rb a tiv e  p o te n tia ls  of s im ila r  range. T h e  e le m e n t of th e  p o te n tia l m a tr ix  
is
< > (3.39)
For a  localized  p e r tu rb a tio n , th e  p o te n tia l m a tr ix  will h ave  blocks wi t h  all zeros. 
T h u s , d e p e n d in g  on th e  choosen basis se t an d  th e  ran g e  of th e  p e r tu rb a tio n , th e  
size of th e  m a tr ic e s  w ith  nonzero  e lem en ts  can  b e  ra th e r  sm all.
3.3 (5-doping
T h e  in c o rp o ra tio n  of e x tre m e ly  sh a rp  an d  h ig h -d e n s ity  d o p in g  profile consisting  
of a  few a to m ic  layers d u rin g  th e  g ro w th  of se m ic o n d u c to rs  is deno ted  
as (^-doping. Such a  dop ing  can  m odify  th e  e lec tro n ic  p ro p e rtie s  of a  
h e te ro s tru c tu re . In fac t, C apasso  a n d  his coworkers*^'* show ed th a t  th e
b a n d  offset o f A li.G a i_ i.A s/G aA s h e te ro ju n c tio n  is m od ified  by a  i-d o p in g . A
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new  ty p e  of non a llo y ed  O h m ic  c o n ta c t w ith  G aA s is ach ieved  by p lac in g  a  h ig h -  
d e n s ity  dono r sh ee t a  few layers aw ay from  th e  m e ta l-s e m ic o n d u c to r  in terface . 
Z eindel et h ave  in c o rp o ra te d  a  sh ee t of Sb in to  Si(OOl) w ith  a  d en s ity  of
~  1.6 X 10^ Sb c m “ .^ T h e  diffusion of d o p a n ts  seem s to  be th e  m a jo r  d ifficu lty  in 
p ro d u c in g  sh a rp  d o p in g  p rofile  d u rin g  th e  g row th  of th e  s u p e r la t tic e . O f course 
th e  u lt im a te  goal is to  in c o rp o ra te  a  s ta b le  a n d  d e fe c t- f re e  a to m ic  p lan e  m ade  
from  im p u r ity  a to m s. T h is  w ay one can  fa b ric a te  s u p e r la t tic e s  consis ting  of 
re p e a tin g  2D m e ta ls  a n d  in su la to rs  or p o la rizab le  c ry s ta ls . (5-doping has been  
th e  s u b je c t of i n t e r e s t . A  su m m a ry  of novel fe a tu re s  of <5-doping s tru c tu re s  
is g iven  by P loog  et E lec tro n ic  t ra n s p o r t  o f th e  i - d o p in g  layers w hich
is ho p p in g  tr a n s p o r t  was also s tu d ied .* ‘*^ ’*'‘*
3.3.1 Electronic Structure of Si <5—layer Embedded in 
Ge (001)
Im p ro v in g  th e  e le c tro n ic  p ro p e r tie s  of Si, in p a r t ic u la r  in c o rp o ra tin g  p h o to n ic  
on  th e  S i-b a se d  in te g ra te d  c irc u its  have  been  a  m a jo r  a c tiv ity  in sem ico n d u c to r 
physics as it is d esc rib e d  in p rev ious c h a p te r . T h e  ^ -d o p in g  m ay  be a w ay to  
im p ro v e  th e  e lec tro n ic  p ro p e rtie s  of Si an d  Ge. In th is  w ork, th e  e lec tron ic  
p ro p e rtie s  of a  Si ¿ - la y e r  in an  in fin ite ly  large Ge(OOl) c ry s ta l is s tu d ie d  by using  
th e  G re e n ’s fu n c tio n  m e th o d  w ith  layer o r b i ta ls . '“*® T h e  sam e  m e th o d  is e.xtended 
to  s tu d y  a  s ing le  cp ian tum  well w ith o u t invok ing  a  sup erce ll hav in g  an artific ia l 
perio d ic ity . In th is  re sp e c t, th e  m e th o d  is r a th e r  co n v en ien t in s tu d y in g  th e  
e lec tro n ic  s tru c tu re  of a  s ing le  ¿ - la y e r  w ith o u t th e  a r ti fa c ts  of th e  perio d ica lly  
re p e a tin g  m odels .
H aving  p re se n te d  a  b rie f  su m m a ry  of th e  m e th o d , we now tu rn  to  th e  
th e o re tic a l s tu d y  of th e  e lec tro n ic  energy  s tru c tu re  of Si ¿ - la y e r  in Ge(OOl) 
c ry s ta l. S ince Si layers a re  p seu d o m o rp h ica lly  grow n on th e  (001) surface, in ­
p la n e  la ttic e  c o n s ta n ts  a re  re s tr ic te d  to  th e  la ttic e  of G e (5.65 A). T here fo re , 
w hile  th e  G e layers p rese rv e  th e  cub ic . Si layers a re  d is to r te d  te trag o n a lly , i.e.
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F i g u r e  3 .1 : E n erg y  b a n d  s tru c tu re  of Si4~G e (001).
Bound sta tes are shown by solid lines, and the projected bands of Ge(OOl) are hatched. 
T he band offset values are a) A F „ = 0 .3  eV b) A F „= 0 .5  eV.
a ||5,· =  5.65 A, (ij_si =  b.26 A. T h e  la ttic e  p a ra m e te rs  a re  o b ta in e d  from  se lf-  
c o n s is te n t field p se u d o p o te n tia l ca lcu la tions.^^  T h e  in te r la y e r  sp ac in g  a t th e  G e -  
Si in te rface  is ta k en  to  b e  th e  average  of th e  in te r la y e r  spac ings in th e  G e and  
Si layers. W e used  th e  en erg y  p a ra m e te rs  of Li a n d  Chung*^^ for co n s tru c tio n  
o f em p irica l tig h t b in d in g  H a m ilto n ia n . S ince th e  S i-G e  a n d  S i-S i in te ra to m ic  
d is ta n c e s  d e v ia te  from  th e ir  ideal bu lk  values ow ing to  th e  s tra in  im posed  by 
th e  la t t ic e  m ism a tc h , th e  energy  p a ra m e te rs  a re  scaled  by  th e  d~^  scaling . 
A n o th e r  c ritica l p a ra m e te r  in o u r ca lcu la tio n  is th e  b a n d  offset, AEy. W e used 
th e  value (0.3 eV ) c a lc u la te d  by V an de W alle to r th e  S i-G e  su p e r la ttic e
g row n on th e  Ge(OOl) su rface . In all ca lcu la tio n s  we n eg lec t th e  s p in -o rb it  
sp lit tin g .
T h e  e lec tro n ic  s tru c tu re  of S i,i-G e  (001) (n  =  1 ,2 ,3 ,4 )  ¿ -d o p in g  s tru c tu re  is 
c a lc u la te d  by using  th e  G re e n ’s fu n c tio n  fo rm alism  to  in v e s tig a te  th e  e lec tron ic  
s tru c tu re  of a  single q u a n tu m  well in th e  G e c ry s ta l. E n erg y  b an d  s tru c tu re
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F i g u r e  3 .2 : AN{E),  ch an g e  in d en s ity  of s ta te s  a t  T p o in t for Si4-G e  (001) 
a) T otal change in density of s ta tes  b) Layer resolved change in density of sta tes, (in 
units of s ta te s / eV unit cell) (Energies are broadened by 0.1 eV in the calcidation of 
G reen’s function.)
o f b o u n d  s ta te s  of Si4-G e  (001) ¿ -d o p in g  s tru c tu re  is c a lc u la te d  by so lv ing  th e  
e q u a tio n  3.17, and  is show n w ith  th e  p ro je c te d  b an d s of G e (001) in figure 3.1. 
S ince th e  S i-G e  h e te ro ju n c tio n  show s a  ty p e - I I  b eh av io u r, th e  e lec tro n s are  
confined  in th e  Si s u b la ttic e , w hile  th e  holes a re  in th e  G e su b la ttic e . As seen 
in figure 3 .1a, n ea r th e  co n d u c tio n  b an d  edge, th e  en erg y  b an d  of th e  bo u n d  
s ta te  show s a  p a rab o lic  d isp e rs io n  w hich is c h a ra c te r is tic  of 2D e lec tro n  sy stem  
tre a te d  in th e  effective m ass  a p p ro x im a tio n . T h e  to ta l c o n tr ib u tio n  of th e  Si 
o rb ita ls  is 90%. T h is  in d ic a te s  s tro n g  confinem en t of e lec tro n s  in th e  q u a n tu m  
w ell o ccu rrin g  in th e  Si ¿ - la y e rs . For th e  value of th e  b an d  offset, AEy=0.'3 eV , 
b o u n d  s ta te s  a p p e a r  also  n e a r  th e  co n d u c tio n  b an d  edge be tw een  M and  X p o in ts , 
b u t  th e y  m erge  in th e  c o n d u c tio n  b an d  of G e (001) an d  b ecom e resonances. As 
seen  in figure 3.1b, in c re as in g  th e  value of b an d  offset causes th e se  resonance  
s ta te s  to  sh ift dow n in en erg y  tow ards th e  ban d  gap  an d  to  b ecom e b o u n d  s ta te s .
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C h an g es in d en s ity  of s ta te s  a re  c a lc u la te d  a t  P p o in t by using  eq u a tio n  3.24 
a n d  3.32 an d  a re  show n in figure 3.2. T h e  peak  a t 0.5 eV  co rresp o n d s to  th e  
b o u n d  s ta te  o rig in a tin g  from  Si (^-layers w hile  th e  d ip  n e a r  0 eV  is d ue  to  th e  
a n tire so n a n c e  s ta te . N o te  th a t  d ips in th e  c o n tin u u m  of p ro je c te d  b an d s are  
a n tire so n a n c e  s ta te s  an d  sim p ly  m ean s th a t  a  charge  tra n s fe r  from  th e se  s ta te s  to  
th e  b o u n d  s ta te s  or to  th e  reso n an ce  s ta te s . T h e  n a tu re  of th e se  s ta te s  revea led  
in th e  la y e r-re so lv ed  change in d e n s ity  of s ta te s . W h ile  th e  peak  is ju s t  th e  
a d d itio n  of change  in d en s ity  of s ta te s  in Si layers, all layers c o n tr ib u te  to  th e  d ip  
as seen  in figure 3.2b. In a d d itio n  to  th e se  s ta te s , th e re  a re  o th e r  b o u n d  s ta te s  
w ith in  th e  gaps in th e  p ro je c te d  v alance  a n d  c o n d u c tio n  b an d s  of G e (001). For 
n  =  1,2,  an d  3, we observed  th e  sam e  tre n d s  in en erg y  b an d  d ia g ra m . 2D 
p a ra b o lic  b a n d  a ro u n d  P p o in t a n d  b an d s  n ea r th e  c o n d u c tio n  b an d  edge along  
th e  PM  an d  M X d irec tio n  a re  found  for all n values (1 <  n  <  4). H ow ever, 
th e  d isp e rs io n  of th e  p a rab o lic  b an d s  dec rease  w ith  dec reasin g  n . For a  single 
S lay er (n — 1) it becom es a  shallow  level 30 m eV  below  th e  b an d  edge. N o te  
th a t  th e  su b b a n d s  ca lcu la ted  w ith in  th e  effective m ass a p p ro x im a tio n  ow ing a  
free  e le c tro n  b eh av io u r in th e  p la n e  of ep ilay er d isp lay  e q u iv a len t d ispers ion .
F in a lly , to  exp lo re  th e  effect o f th e  b a n d  offset on th e  su b b a n d  s tru c tu re  th e  
e le c tro n ic  s tru c tu re  of th e  Si4-G e (001) q u a n tu m  well is c a lc u la te d  for d ifferen t 
b a n d  offset values (A£'„), i.e. for d ifferen t h e ig h ts  of q u a n tu m  wells. T h e  
c a lc u la te d  en erg y  b an d s n ea r tlie  P p o in t a re  p re sen te d  for d ifferen t AE^ values 
in  figure  3.3. As AEy in creases, th e  b an d s  of b o u n d  s ta te s  a re  sh ifte d  dow n in 
en erg y  (since  th e  top  of th e  valance  a n d  co n d u c tio n  b an d  of G e a re  ra ised ) and  
new  p a ra b o lic  b an d s em erge  in th e  b a n d  g ap  of G e. For ex am p le , th e  n u m b e r of 
p a ra b o lic  b an d s  cire found to  be 2 an d  3 for A E y  =  0.5 a n d  0.7 eV , respective ly , 
s ince  th e  d eep e r q u a n tu m  well su p p o rt la rg e r n u m b e r of su b b an d s . U pon fu rth e r  
in c re ase  of AEy th e  low est su b b a n d  overlaps  w ith  th e  valence b an d  c o n tin u u m  
of G e. As soon as th e  energy  of low est su b b a n d  co incides th e  m a x im u m  of th e  
va lan ce  b a n d , th e  charge  s ta r t  to  tra n s fe r  from  G e to  th e  Si i - la y e r .
In conclusion , e lec tro n ic  s tru c tu re  of a  sing le q u a n tu m  well is tre a te d  by using  
G re e n ’s fun c tio n  m e th o d . S ta te s  of th e  p a rab o lic  b an d s in th e  fu n d a m e n ta l b an d
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Z—M
F i g u r e  3 .3 : E nergy  b an d  s tru c tu re  of Si4- G e  (001) for d ifferen t b an d  offset 
values
(A  and E points are such th a t | FE |=  0.15 | FM| and | FA  |=  0.13 | FX |.)
g ap  of th e  h o st G e a re  confined in th e  i - la y e r .  As th e  b an d  offset an d  th u s  th e  
h e ig h t of th e  q u a n tu m  well increases, th e  n u m b e r  of su b b a n d s  increases. W e 
h av e  show n th a t  th e  e lec tro n ic  s tru c tu re  of th e  q u a n tu m  well o r ^ -d o p in g  can  be 
h a n d le d  by u sin g  th e  G re e n ’s fu n c tio n  m e th o d . A n o th e r  a sp ec t to  n o te  th a t  th e  
G re e n ’s fu n c tio n  is ca lc u la te d  once for all to  t r e a t  d ifferen t p ro b lem s in th e  sam e 
h o st la t t ic e  (such  as d ifferen t do p in g  co n c e n tra tio n s , d ifferen t dop ing  a to m s, e tc ). 
W e believe  th a t  th e  th e o re tic a l m e th o d  exem plified  in th is  w ork is conven ien t to  
t r e a t  th e  e lec tro n ic  s tru c tu re  of ¿ - la y e r , in p a r tic u la r ,  m e ta l ¿ - la y e r  by using  th e  
se lf -c o n s is te n t field tig h t b in d in g  m e th o d  (w ith  a  gau ssian  o rb ita l basis se t or 
w ith o u t an y  specific form  of o rb ita ls ) .
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3.3.2 Confinement of Acoustical Modes due to the 
Electron—phonon Interaction within 2DEG
O ne of th e  c u rre n t top ics  of th e  se m ic o n d u c to r physics is th e  confinem ent 
of phonons in se m ic o n d u c to r  h e t e r o s t r u c t u r e s . T h i s  p henom enon  is 
in te re s tin g  b eca u se  of fu n d a m e n ta l a sp ec ts , as well as ap p lic a tio n s . In p a r tic u la r  
th e  p h o n o n  co n fin em en t affects th e  e lec tro n  tra n s p o r t ,  w hich is th e  m ain  o b je c t 
of a p p lic a tio n s  of th e  h e te ro s tru c tu re s . I t  is well know n th a t  th e  phonon  
co n fin em en t in th e  h e te ro s tru c tu re s  is d ue  to  d ifferen t la tt ic e  c h a ra c te r is tic s  of th e  
s e m ic o n d u c to r  co m p o u n d s  fo rm ing  th e  h e te ro s tru c tu re  (various la ttic e  co n s tan ts , 
la t t ic e  forces, sy m m e try , etc.).^'*^“ ‘^’° O n th e  o th e r  h a n d , e x is ten ce  of free carrie rs  
in th e se  layers is n o t considered  as th e  m a in  reason  for th e  con finem en t effect.
In th is  s tu d y  we p re d ic t an d  s tu d y  th e  phonon  co n fin em en t o rig in a tin g  from  
th e  e le c tro n -p h o n o n  i n t e r a c t i o n . W e  show  th a t  co n fin em en t of acoustica l 
m odes a p p e a rs  d ue  to  on ly  th e  e le c tro n -p h o n o n  in te ra c tio n  if th e re  is an  e lec tro n  
gas sh ee t (3D  or 2D e lec tro n  layer). T h e  la t t ic e  c h a ra c te r is tic s  a re  un ifo rm  before 
in se rtin g  th e  e lec tro n  sh ee t, th e re fo re  th is  effect ex ists  even  a t  th e  un ifo rm  la ttic e  
c h a ra c te r is tic s  e x ce p t th e  m od ifica tions  d u e  to  e le c tro n -p h o n o n  in te ra c tio n . Such 
a  physica l s itu a tio n  and  th e  e lec tro n  layers can  b e  rea lized  by m o d u la tio n  dop ing , 
for ex a m p le  u n d e r i-d o p in g . '^ ^ ’*'‘®’*‘‘®
T h e  physica l base  of th is  m ech an ism  of th e  co n fin em en t effect is th e  sam e as 
th e  physics of re n o rm a liz a tio n  of acou stica l v ib ra tio n s  by th e  e lec tro n s in bulk  
m a te r ia ls  w hich has been s tu d ie d  th e o re tic a lly  an d  e x p e r im e n ta lly  before.*®^ It 
can  be ex p la in e d  q u a lita tiv e ly  as follow ing. A coustica l w ave c rea te s  a  p o te n tia l for 
e lec tro n s . T h e  e lec tro n s  hav ing  high velocities  follow th e  aco u stica l wave. H ence 
th e y  a re  re d is tr ib u te d  in space. N o n -u n ifo rm  re d is tr ib u tio n  of th e  e lec trons leads 
to  space  d e p e n d e n t e lec tro n  forces w hich a c t to  th e  la ttic e , e x p a n d in g  la ttic e  a t 
som e reg ions w hile  com pressing  it a t  th e  o th e rs . As a  re su lt of such a  se lf- 
co n s is te n t in te ra c tio n  th e  re n o rm a liz a tio n  of th e  p honon  s p e c tru m  arises. T h e  
sound  v e lo c ity  is alw ays d ecreased  by th is  re n o rm a liz a tio n , th a t  m eans a  red u c tio n  
of th e  e la s tic  m o d u lu s  an d  a  so ften ing  of th e  la ttic e . In a d d itio n  to  th a t ,  it gives
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rise a  se t o f o th e r  effects such  as th e  fea tu res  of th e  s p e c tru m  a t  th e  phonon  w ave 
v ec to r <7 =  2kp (kp is th e  F erm i w ave v ec to r of e lec tro n s) a n d  d isp lay ing  of th e  
e lec tro n  sy s te m  sy m m e try  by ren o rm a liz ed  aco u stica l s p e c tru m .
In th e  case, w hen  e lec tro n s  a re  localized  w ith in  som e layer, th e  m e n tio n ed  
m e ch an ism  gives a  s lig h t decrease  of th e  e la s tic  m o d u lu s  o f th e  layer. F rom  th e  
th e o ry  of e la s tic  waves^^®“^®^ ’^ ®^ ’^ ®"* it is know n th a t  em b e d d e d  layer c h a ra c te rized  
by d ec re ase d  e la s tic  m o d u lu s  alw ays sp lits  th e  bu lk  aco u stica l sp e c tru m  in to  
b u lk - lik e  m odes an d  localized  m odes. T h e  la t te r  a re  confined  in to  or n ea r th e  
e m b e d d e d  layer, an d  p ro p a g a te  a long  th e  layer. T h e re fo re  we can  e x p ec t th a t  
th e  e le c tro n -p h o n o n  in te ra c tio n  u n d e r  th e  lo ca liza tio n  of e lec tro n s  w ith in  th e  
e lec tro n  sh e e t w ould  lead  to  th e  p h o n o n  co n fin em en t effect. T h e  a im  of th is  
s tu d y  is to  show  th e  ex is ten ce  of th e  m e n tio n e d  p h en o m en o n .
M o d e l  a n d  E q u a t i o n s
W e will d esc rib e  th e  lo n g -ra n g e  aco u stica l v ib ra tio n s  of la t t ic e  by eq u a tio n  of th e  
sound  w aves
Æ  (3.40)
^ dt  ^ dxk
w here  u,· a re  c o m p o n e n ts  of d isp la cem e n t v e c to r (u ) of m e d iu m , p is its  density , 
cr.it is th e  s tre ss  te n so r , t a n d  Xk a re  tim e  an d  sp ace  c o o rd in a te s , respectively . 
For s im p lic ity , we consider th e  iso tro p ic  e la s tic  m e d iu m . T h e n , c o n trib u tio n  of 
e lastic  la t t ic e  forces to  th e  s tress  te n so r  ct,a,. is^ *^ '*
2 1
‘’ i f  = (^ +  -  - i i t u i i ) (3 .41)
w here A a n d  p  a re  L am é coefficients, an d  Uik is th e  s tra in  ten so r. W e assu m e 
also th a t  e lec tro n s  a re  c h a ra c te r iz e d  by iso tro p ic  en erg y  law . T h en  th e  e le c tro n -  
p honon  in te ra c tio n  can  be desc rib ed  by on ly  one  c o n s ta n t of d e fo rm a tio n  p o te n tia l 
an d  c o n tr ib u tio n  of e lec tro n s to  th e  s tra in  te n so r cr,/t is
d f  * = (3.42)
w here n  is c o n c e n tra tio n  of th e  e lec tro n s.
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In se rtin g  e q u a tio n s  (3.41) and  (3.42) in to  eq u a tio n  (3 .40), eq u a tio n  for 
d isp la c e m e n t n,· is o b ta in e d  as following:
d^ Ui / .  X dua , dn
(3.43)
W e assu m e th a t  th e  e lec tro n s  a re  confined in to  a  sh ee t of th ick n ess  d by a  
co rresp o n d in g  p o te n tia l (for ex am p le , by  e le c tro s ta tic  p o te n tia l of th e  positive  
ch arg e  of dono r sh e e t) . T h e  phonon  w ave v ec to r q is re s tr ic te d  such th a t  
c h a ra c te r is tic  decay  len g th  of m odes o u ts id e  th e  sh ee t (</) is m uch  la rge r th a n  
th e  layer th ick n ess  d. So th a t  th e  c r ite r io n  is
«c/i(<z)d <  1 (3.44)
In such a  case it is possib le  to  consider th e  e lec tro n s  as confined  in a  p lane 
(for ex am p le , in p la n e  z =  0, w here  is th e  d irec tio n  p e rp e n d ic u la r  to  th e  p lane). 
H ence th e  c o n c e n tra tio n  of th e  e lec tro n s can be w ritte n  as:
n ( r ,  Í) =  n,{x,y)S(z) (3.4,5)
w here  is “su rface” c o n c e n tra tio n  of th e  e lec tro n s. H ow ever, e lec tro n  m o tion  
can  have a  2D a n d  3D c h a ra c te r . W e consider th a t  th e  e lec tro n s  follow 
a d ia b a tic a lly  th e  v ib ra tio n  of la tt ic e  an d  a re  re d is tr ib u te d  in p o te n tia l of 
th e  aco u stic  w ave c o rre sp o n d in g  to  th e  physical p ic tu re  p re se n te d  before. 
In e q u a lity  ë hut w hich is necessary  co n d itio n  of th is  a d ia b a tic  a p p ro x im a tio n  
alw ays holds for th e  sem ico n d u c to rs  (ë is c h a ra c te r is tic  e lec tro n  energy, u> is 
p h onon  frequency , see d iscussion  given below ). T h e  p o te n tia l in d u c ed  by acoustic  
w ave is
h(f) = buii — e(f. (3.46)
H ere (p is e le c tro s ta tic  p o te n tia l a rised  from  th e  n o n -u n ifo rm  re d is tr ib u tio n  of 
th e  e lec tro n s  in space  an d  it is governed  by Poisson eq u a tio n :
47re
Co
Co is th e  d ie lec tric  c o n s ta n t of c ry s ta l.
V V  = ---- Sn,{x,y)S(z), (3.47)
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W e assu m e  th e  d ep en d e n ce  of all v ariab les on p la n e  co o rd in a te s  (x , y) has th e  
fo rm
u,·, (fi, h, Sus oc (3.48)
w here  ç lies in p lan e  of th e  e lec tro n  sh ee t an d  rj'| =  7^ |(x ,j/) .
T h e  su rface  d en s ity  of th e  re d is tr ib u te d  e lec tro n s in to  th e  e lec tro n  sh ee t can 
be c a lc u la te d  by tre a tin g  th e  in d u ced  p o te n tia l h{r) as a  p e r tu rb a tio n . T h e  
e le c tro n  c o n c e n tra tio n  can  be w ritte n  in te rm s  of th e  d en s ity  o p e ra to r  p as:
n{r) = Tr{8{r — r')p{r'))
H eisen b erg  eq u a tio n  of m o tio n  for th e  d e n s ity  o p e ra to r  is:
(3 .49)
(3.50)
w here  th e  h a m ilto n ia n  is / /  =  / / q +  h(r,t). In th e  ab sen ce  of th e  aco u stic  
w ave, th e  e lec tro n s  a re  d esc rib e d  by h a m ilto n ia n  Hq w ith  e ig en fu n c tio n s  “
w here co rresp o n d s tra n sv e rse  m o tio n  of e lec tro n s  in th e  e lec tro n
sh ee t an d  eigenvalues , n = 1,2, · · · k =  (kx, ky). In d u ced  p o te n tia l /i(r, t) = 
is in tro d u c e d  as p e r tu rb a tio n , w here h{f) is g iven by exp ression  (3.46) 
a n d  i  0 a t  th e  end . In itia l d en s ity  o p e ra to r  po is d iagonal a n d  id e n tica l w ith  
F erm i d is tr ib u tio n  fun c tio n  /o(e,^/:). S o lu tion  of eq u a tio n  (3.50) in th e  first o rd e r 
of h can  be found  in th e  in te ra c tio n  re p re se n ta tio n  (i.e. any  o p e ra to r  Â is defined 
by y4/ =  i^Hot/hy^ -^iHot/h^  in se rtin g  th e  in itia l value p ( —oo) =  po
6 h = i> l- i> 0  = - ' l  dt' [A ,(r, t')Ho -  Hoh,(r, (')] (3.51)
To go fu r th e r  we su p p o sed  th a t  h as a  fun c tio n  of 2: does n o t change 
th ro u g h  th e  e lec tro n  sh ee t an d  does n o t lead  to  in te rsu b b a n d  tra n s itio n s , i.e. 
<  ''Ajj ^ ^  w hich a re  concluded  from  o u r p roposed  m odel.
T h e n , th e  change in d e n s ity  of e lec tro n s  can  be found  from  eq u a tio n  (3.49) w ith  
th e  use of /i(7^|,0) =  as
5 , . ( .T = M -l·  = 0 . 0  2 E
nk n,k+q
(3.52)
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In th is  ex p ression  th e  en erg y  of phonons hu> can  be n eg lec ted  w hen  co m p ared  
w ith  th e  e lec tro n  energ ies, th a t  co rresp o n d s  to  th e  a d ia b a tic  ( s ta t ic )  lim it. A fte r 
d o in g  in te g ra tio n  over .3: we have th e  expression  for th e  su rface  d e n s ity  of e lec tro n s 
g iven  as:
Sns{x, y) =  h{x, y ,z  =  0 )P ((f, T). (3.53)
H ere
P [ l  T) = -Y l (3,54)
n,Z n^,k *
is th e  p o la riz a tio n  of th e  e lec tro n  su b sy s tem , is th e  e lec tro n  energy  for 
su b b a n d , k is w ave v ec to r of th e  e lec tro n s  d escrib ing  th e ir  m o tio n  in th e  p lan e  of 
th e  e le c tro n  sh ee t, an d  foi^nk) F erm i d is tr ib u tio n  fu n c tio n . If th e  n u m b e r of 
su b b a n d s  is la rge , th e  e lec tro n  m o tio n  w ith in  th e  sh ee t is a lm o s t 3 d im en sio n a l. 
In th e  c o n tra ry  case, th e  p o la riz a tio n  P{q, T) co rresponds to  th e  e lec tro n  gas 
w ith  red u ce d  d im en sio n a lity .
T h e  se t of re la tio n sh ip s  (3 .4 3 ),(3 .4 5 ),(3 .4 6 ), (3 .47 ),(3 .53 ),(3 .54 ) is sufficient 
to  co n sid er th e  aco u stica l m odes localized  n ea r th e  e lec tro n  layer.
S o l u t i o n s  f o r  C o n f in e d  M o d e s  a n d  T heir  A n a l y s is
I t  is easy  to  prove using  e q u a tio n  (3 .43) th a t  on ly  lo n g itu d in a l aco u stica l waves 
in te ra c t  w ith  e lec tro n s in o u r m odel of iso tro p ic  energy  s p e c tru m  of th e  e lec tro n s. 
T h e re fo re  it is conven ien t to  consider th e  eq u a tio n  for re la tiv e  v o lum e change 
V ■ u =  uit in s tead  of several c o m p o n en ts  of th e  d isp la cem e n t of th e  la ttic e . 
F rom  e q u a tio n  (3.43) we find th e  e q u a tio n :
· « ) -  (A +  2p )V \V  ■ u) = b V \Otr
(3.55)
N ow, by ta k in g  in to  acc o u n t th e  re la tio n sh ip s  (3.45) and  (3 .48), we can  w rite  th e  
sy s te m  of e q u a tio n s  in th e  follow ing s im p le  form  for th e  region o u ts id e  th e  p lane
=  0 :
dz·^  \ V Uii =  0
^2 _C/ —
P
(j) =  —eq>
z  ^  0 (.3.56)
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H ere  Ш is freq u en cy  of d e te rm in e d  w aves, c/ is ve locity  of th e  lo n g itu d in a l 
ac o u s tic a l p h o n o n s  for th e  sy stem  w ith o u t e lec tro n s. T h e  so lu tio n s  of th e  
e q u a tio n s  (3 .56) o u ts id e  th e  sh ee t (a t z ^  0) shou ld  be m a tc h e d  a t  г  =  0 by 
th e  follow ing co n d itions:
b
i  ( « ,  -  j ( - . ) .
8n, =  -P {q ,  T) {bull +  <t>)^ =Q
Л +  2 / , ' ' '^ " ·
4тге"
Sn.
Co
(3.57)
</i(+0) =  <?i(-0) a n d  U i/(+0) =  u / / ( - 0 )  
a n d  sa tisfy  th e  b o u n d a ry  co nd itions  fa r aw ay from  th e  sheet:
uu , Ф 0 ± o o
(3.58)
(3.59)
In  e q u a tio n s  (3 .57), u ;/(± 0 ) and  <^(±0) a re  th e  so lu tio n s  a t left an d  rig h t side of 
th e  sh ee t a t  lim it 2 —> ± 0 . T h e  co n d itio n s  (3.59) m ean  th a t  we look for so lu tions  
confined  n e a r  th e  e lec tro n  shee t.
T h e  so lu tio n s  of e q u a tio n s  (3.56) can  be w r itte n  for b o th  uu a n d  (f> from  
e q u a tio n  (3 .58) by using  co n tin u ity  co n d itio n s  as
uu =
Ф =
/С =
(3.60)
In se r tin g  th e se  so lu tions  to  eq u a tio n  (3.57) gives th e  re la tio n sh ip  be tw een  th e  
m a g n itu d e s  of th e  aco u stic  w ave an d  th e  v ib ra tio n s  of th e  e le c tro s ta tic  p o te n tia l:
47re^P(ç,r)/eo
B = - A b
2(/ +  47re'^P(ç, Г ) /б о ‘
(3.61)
E x p ressio n  for к is
к = 9 -  -T =cf A +  2/i 2<7+ 47re'^P((f, Т )/бо
(3.62)
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T h e  rig h t h a n d  side of eq u a tio n  (3.62) is alw ays po sitiv e . T h is  m eans th a t  th e  
so lu tio n s  decay  ex p o n e n tia lly  far aw ay from  th e  layer. T h e  sam e expression  gives 
d isp e rs io n  re la tio n  for th e  confined aco u stica l m odes:
2q +  4Tre^P{q,T)/eo^
(3.63)
O ne  can  see from  (3.63) th a t  th e  frequencies of th e  confined phonons a re  
alw ays less th a n  th e  frequencies of th e  bu lk  one. T h is  is co n s is te n t w ith  th e  
p h y sica l p ic tu re  desc rib ed  in introduction. T h e  s p li t t in g  value of th e  frequencies 
d ep en d s  on th e  fo u rth  pow er of th e  c o n s ta n t coup ling  b. D is tin c tio n  betw een  th e  
b u lk  pho n o n s a n d  th e  confined one also  grow s w ith  inc reasing  q: deg ree  of th e  
co n fin em en t becom es la rge r as it is seen from  re la tio n  (3 .62), an d  th e  d ispersion  
re la tio n  falls o f from  th e  lin ear behav io r.
T h e  te rm  47re^P(ç, T )/e o  in d e n o m in a to r  of exp ressions (3 .61 ),(3 .62 ),(3 .63 ), 
e v id en tly , d escribes  sc reen ing  effect of th e  e lec tro n  ch arg e  w hich is re d is tr ib u te d  
in th e  e le c tro n  sh ee t. I t is conven ien t to  in tro d u c e  th e  c h a ra c te r is tic  w ave v ec to r 
(¡sc by e q u a lity :
(3.64)qsc = —— P[qsc)
Co
Since th e  fu n c tio n  P{q, T) decreases w ith  in c reasin g  q for b o th  3D an d  2D sy stem s 
th e  e q u a tio n  (3.64) has only  one so lu tio n  for qsc· In th e  case of
q < qsc (3.65)
th e  to ta l  p o te n tia l h{f) in duced  by th e  aco u stica l w ave is sm all as it follows 
from  (3.46) a n d  (3 .60), b ecau se  th e  change  of th e  b o tto m  of th e  co n d u c tio n  b an d  
6( V  · Ü) a n d  th e  e le c tro s ta tic  energy  —eq> c o m p e n sa te  each  o th e r. In th is  lim itin g  
case (<7 <C qsc) th e  d ispersion  re la tio n  takes  a  s im p le  form
(‘ -  ) (3.66)
a n d  is in d e p e n d e n t of p a ra m e te rs  of e lec tro n  b a n d , q u a n tiz a tio n  in to  sh ee t, 
te m p e ra tu re ,  e tc . O f course , th is  s im p le  expression  is valid  u n d e r c e rta in
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c o n d itio n s  like th e  g iven by (3.44) an d  (3 .64). In th is  lim it, th e  decay  len g th  
of th e  aco u s tic  m o d e  o u ts id e  th e  sheet is p ro p o rtio n a l w ith  (j~^ .
In o p p o s ite  to  (3 .65), in th e  case
<7 >  <Isc (3.67)
th e  sc reen in g  is n o t e ssen tia l. E q u a tio n  (3.62) im p lies  th a t  we can  neg lect th e  
te rm  —e(fi in (3 .46) a n d  th e  d ispersion  re la tio n  tak es  th e  fo rm  for q >
' ' '  \2(\ + 2 tiy ) (3.68)
In th is  case , th e  m a g n itu d e  of th e  m o d e  o u ts id e  th e  e lec tro n  sh ee t decays w ith
. -1 q~ .^ For e s tim a tin g  th e  in e q u a litie s  (3 .44 ),(3 .65 ),(3 .67 ) a n d  d iscussing  th e  
d isp ers io n  re la tio n , it is necessary  to  c a lc u la te  P{q, T). A t low te m p e ra tu re  lim it 
we can  find from  e q u a tio n  (3.54):
P ii)  = T ,P .(€ i
Pn(q) =
m
7T/i'
1 - 2 i£ ‘>
r  0
<7
2 \  1/2
-1 0 -  1 (3.69)
w here su m m a tio n  is ca lc u la te d  over all o ccu p ied  su b b a n d s , is Ferm i wave 
v ec to r of th e  e lec tro n s  in th e  su b b a n d  {h}{k^p^Yl2nC =  ep — €p is Ferm i 
en erg y ), 0  is H eav iside  s te p  function.*®^ In th is  lim it, re la tio n sh ip  of F erm i energy  
an d  to ta l su rface  co n c e n tra tio n  of e lec tro n s  is g iven by
n, (3.70)
w here th e  su m m a tio n  is ca lc u la te d  over th e  o ccup ied  su b b an d s .
A t th e  lim it o f high te m p e ra tu re  T th e  p o la riz a tio n  is o b ta in e d  as
P (i,T ) = j (3.71)
As seen from  (3 .69 ),(3 .70 ),(3 .71 ), th e  p a ra m e te r  qsc ch a ra c te riz in g  th e  
sc reen in g  an d  also con finem en t effect increases w ith  d ecreasing  te m p e ra tu re .
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B ecause  of th is  we will co n sid er th e  case of low te m p e ra tu re  in d e ta il. T h e  
follow ing ana ly sis  will c larify  th e  physical p ic tu re  a n d  d escribes  th e  a c tu a l
s itu a tio n  Qsc < q b e t te r .  T h e  value qsc is alw ays sm all c o m p a ra b le  w ith  k y  for 
sem ico n d u c to rs  w ith  la rg e  d ie lec tric  c o n s ta n t Cq (for ex am p le , IV -V I com pounds):
<7«c
1.0
ft, 77 (3.72)
T h is  m ean s  th a t  a t  th e  reg ion  of <7 ~  kp w here  co n fin em en t effect is m ore  
p ro n o u n ced  th e  sc reen ing  does no t suppress th e  effect. In g enera l, for th e  
sem ico n d u c to rs  w ith  m o d e st to in e q u a lity  (3.72) can  b e  also tru e . As it follows 
from  (3.69) th e  m a x im u m  value of th e  qsc is of th e  o rd e r  of inverse  B ohr rad iu s  
ag for sem ico n d u c to rs . In fac t, le t th e  e lec tro n  sh ee t is c re a te d  by m eans of 
dop ing . I t is n ecessary  to  d ope  th e  sem ico n d u c to r up  to  c o n c e n tra tio n s  such th a t  
>  1 to  ach ieve  th e  free ca rrie rs  an d  c o n d u c t i v i t y . B u t  th is  in eq u a lity  
is eq u iv a len t to  th e  c r ite r ia  (3 .72). W hen  (3.72) is ho ld , we can  consider th e  case 
q ~  kp a n d  (3.67) w ould  be valid . T h e  decay  le n g th  of th e  aco u stic  w ave o u ts id e  
th e  e lec tro n  sh ee t k~^  =  2 (A + 2 / i ) / i^ P ( ( f ,  T)q^ is m uch  la rg e r th a n  th e  w aveleng th  
27t/(7 even  for q ~  kp an d  q ~  l/d for a c tu a l s e m ic o n d u c to r  p a ra m e te rs  (see 
e s tim a te s  below ). S ince th e  in e q u a litie s  (3 .44 ),(3 .67 ),(3 .72 ) a re  co m p a tib le , th a t  
m ean s  th a t  th e  exp ression  for th e  d ispersion  re la tio n  (3 .68) holds in th e  region 
q ~  kp., th e  e le c tro s ta tic  p o te n tia l can  be neg lec ted  a n d  th e  s p lit tin g  of th e  
confined  aco u stica l m o d e  is m a x im u m . At q > 2kp th e  m a g n itu d e  of P{q)q is 
p ro p o rtio n a l w ith  so th e  sp lit t in g  decreases w ith  in c reas in g  q.
W e use th e  follow ing ty p ica l p a ra m e te rs  of sem ico n d u c to rs  to  e s tim a te  th e  
o rd e r  of value  of th e  co n fin em en t effect: A +  2 /î =  10^ ·^  g r/cm sec^ , h =  15 eV , rn =  
0.5m o (p - ty p e  m a te r ia l) ,  Cq =  15. T h en  for ty p ica l e lec tro n  concen tration^^^’*^ ® 
for ^ -d o p in g  layer n  =  6.7 x  10*·^  cm~·^ [kp =  6.488 x  10*^  c m “ \  if we assum e 
a  s ing le  su b b a n d ) , we find th e  m a x im u m  of th e  s p lit t in g  of th e  confined m odes 
( ^ 6u/A: ~ ^conf)/‘^ buik =  0.03. T h e  m odes a re  confined  in s id e  a  region of th ickness 
80 Â. For sem ico n d u c to rs  w ith  large d ie lec tric  c o n s ta n t ( IV -V I  com pounds) 
th e  s p lit t in g  inc reases as m uch  as 3 tim es. Q u a n ti ta t iv e  b eh av io r of u>[q) for th e  
confined aco u stica l m o d e  is show n in figure 3.4.
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F i g u r e  3 .4 : C h a ra c te r is tic s  of confined  m odes as a  fu n c tio n  of w ave v ec to r q for 
s ing le  e lec tro n  sh ee t a t  d ifferen t te m p e ra tu re s
a) Phase velocity ui/qci, b) Inverse decay length k. Inset shows the form of the  solution.
C o n f i n e m e n t  o f  A c o u s t i c a l  M o d e s  f o r  t h e  c a s e  o f  T w o  E l e c t r o n  
S h e e t s
In p rev ious sec tions  we considered  th e  co n finem en t effect for th e  aco u s tica l m odes 
cau sed  by single e lec tro n  sh ee t. W e have show ed th a t  th e  c h a ra c te r is t ic  scale of 
th e  decay ing  of th e  waves in space  o u ts id e  th e  e lec tro n  sh ee t can  be considerab le . 
I t is know n th a t  n o t only  th e  h e te ro s tru c tu re s  w ith  one  e lec tro n  sh ee t b u t m any
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layered  sy stem  can  be f a b r i c a t e d . D i s t a n c e  be tw een  th e se  e lec tro n  sheets 
can  b e  varied  artific ia lly . If th e  in te r - s h e e t  d is ta n c e  is in th e  o rd e r of th e  
c h a ra c te r is t ic  scale, th e  effect o f in te ra c tio n  of th ese  sh ee ts  is a p p e a re d .
In th is  sec tion , on th e  ex am p le  of tw o e lec tro n  sh ee ts  s tru c tu re ,  we show th a t  
th e  in te ra c tio n  of th e se  sh ee ts  leads to  no t a  s im p le  change of confined  m odes b u t 
g ives a  s p lit t in g  to  a d d itio n a l aco u stica l w aves ch a ra c te r iz e d  by o th e r  fea tu res.
C o n sid e r tw o id e n tica l e lec tro n  sh ee ts  p laced  in p lan es  z =  dzL. A ssum e 
th a t  th e  d is ta n c e  be tw een  th e m , 2L , is m uch  la rg e r th a n  th e ir  th ickness 
d. A nalysis of analogues of th e  w ave e q u a tio n s  (3.56) an d  b o u n d a ry  cond i­
tio n s  (3 .57 ),(3 .58 ),(3 .59 ) show  th a t  th e re  a re  tw o types  of so lu tio n s: sy m m e trica l 
a n d  a n tisy m m e tr ic a l so lu tio n s  ( re la te d  to  change z ~^)· W e g ive here  only 
a n tisy m m e tr ic a l so lu tions:
Uii
^Ae
- A sinll K Z  sink kL
4> = _Q sinh(7z
s'mh qL - L  <
> L 
< L
(3.73)
H ere  th e  “u p p e r” signs a re  for th e  region z > L w hile  “low er” signs a re  for 
z < —L. /c is eq u a l to  — u^/cf. S im ila r to  th e  p rev io u s case re la tio n sh ip  
be tw een  th e  coefficients of aco u stic  a n d  e le c tro s ta tic  w ave is g iven by
B = - A b
47re^P{q,T)/eo
2q{l +  co th (/L ) + 4ne^P{q,T)feo 
So th e  eq u a tio n  for k has follow ing form
b'^P{q,T) q^{l +cothqL)
(3.74)
k{u , q)(l +  co th (/i(u ;, q)L) = R{q) =
A +  2p 2q{\ -f- co th  qL) -f 4Tre^P{q  ^T)Icq
(3.75)
T h e  sy m m e tric a l so lu tio n s  can  be o b ta in e d  from  (3 .73 ),(3 .7 4 ),(3 .7 5 ) by sim ple  
s u b s t itu t io n s  sinh  cosh an d  co th  ta n h  an d  ta k in g  th e  sam e  sign for 
coefficients in (3 .73).
T h e  ex is ten ce  of tw o ty p e s  of .solutions co rresponds to  th e  s p lit t in g  to  tw o so rts  
of confined  m odes. T h e  sy m m e tric a l one, a lth o u g h  differs from  th e  sing le  e lec tron  
sh ee t so lu tions by m a g n itu d e  of s p lit tin g , degree of co n fin em en t e tc ., shows 
th e  sam e physica l tre n d s . For ex am p le , as e x p ec ted  from  physica l p ic tu re , th e
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s y m m e tr ic a l so lu tions  a lm o s t co incides w ith  one sh ee t m ode  w ith  d o u b led  P{q, T) 
a t  (¡L,kL <C 1. B o th  of th e  so lu tions, i.e. sy m m e trica l an d  a n tisy m m e tr ic a l, 
re d u c e  to  th e  one sh ee t so lu tions  (3 .6 0 )-(3 .6 3 ) a t  qL^nL ^  1.
H ow ever, a n tisy m m e tr ic a l m odes a re  co n sid e rab ly  d ifferen t a t  sm all k , q. T h is  
so lu tio n  sp lits  from  th e  bu lk  one a f te r  a  fin ite  value oi q = qc. S ince Kas is sm all 
for q ~  <7c, we can find th e  e q u a tio n  for qy.
+  cotlK /c^)i  = Ri„ ) ^ _____
L A +  2/z 2qc{l +  cothqcL) +  iTre^P{qc,T)/eo
(3.76)
w hich  has alw ays single roo t. N ear </c, d ispers ion  re la tio n  for th e  a n tisy m m e tr ic a l 
m odes is
^ R'iqcr ^=  cfq  ^ I 1 -
(^<Zc
■ {q -qcr (I >  (Ic (3.77)
w h ere  p rim e  deno tes  th e  d e riv a tiv e  w ith  re sp ec t to  q. A nalysis of e q u a tio n  (3.75) 
show s th a t  th e  s p lit tin g  betw een  bu lk  phonons and  a n tisy m m e tr ic a l confined 
m o d es  increases w hen q increases up to  2kp, th e n  th e  s p lit t in g  falls dow n. 
T h e  a n tisy m m e tr ic a l b ran ch  is alw ays p laced  betw een  th e  bu lk  pho n o n s an d  
th e  sy m m e tric a l m odes. T h e  phonon  s p e c tru m  for tw o id en tica l e lec tro n  sheets  
is il lu s tra te d  in figure 3.5 by using  th e  s tru c tu re  p a ra m e te rs  g iven a t  p rev ious 
sec tio n .
CONCLU.SION
In su m m a ry , we have show ed th a t  th e  e lec tro n  sh ee t, in p a r tic u la r  2D e lec tro n  
gas, localizes th e  aco u stic  m odes d ue  to  e le c tro n -p h o n o n  in te ra c tio n  even a t 
u n ifo rm  la ttic e  ch a ra c te r is tic s . T h e  confined  m odes p ro p a g a te  a long  th e  shee t 
a n d  decay  aw ay from  it. T h e  aco u stic  w aves a re  acco m p an ied  w ith  th e  charge 
w aves. T h e  sp lit t in g  of th e  m odes from  th e  bu lk  phonons increases w hen  w ave 
v e c to r q increases an d  reaches a  m a x im u m  a t =  2kp, th e n  th e  s p lit te d  m odes 
a re  converged  to  th e  bu lk  phonons w ith  inc reasin g  q. A d d itio n a l fea tu re s  of th e  
confined  m odes arise  for th e  case of several e lec tro n  sheets .
F rom  th e  above resu lts  it follows th a t  th e  confinem en t effect can be sign ifican t 
for th e  m e d ia  w ith  s tro n g  e le c tro n -p h o n o n  in te ra c tio n , la rge  effective m ass of 
e lec tro n s , h igh c o n ce n tra tio n  and  low te m p e ra tu re .
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F i g u r e  3 .5  : P h ase  velocity  Lo/qci as a  fu n c tio n  of w ave v ec to r q for tw o id en tica l 
e le c tro n  sh ee ts  a t  tw o d ifferen t te m p e ra tu re s .
In terlayer distance 2L is equal to 100 A (a), 200 A (b), and 400 A (c). W hile 
antisym inetrical solutions are shown by dashed lines, sym m etrical solutions are shown 
by solid lines. Inset shows the form of sym m etrical and antisym m etrical solutions.
T h e  s tu d ie d  con finem en t effect o f th e  aco u stica l m odes by th e  e lec tro n  shee t 
can  b e  co n sid erab le . It m ay  be in v e s tig a ted  by acou stica l m e a su re m e n ts  of th e  
sem ico n d u c to rs  w ith  i -d o p in g  u n d e r o p tica l s tu d y  of th e  ligh t s c a tte r in g  by th e  
e lec tro n  sh ee t, e tc . T h e  sc a tte r in g  on th e  confined m odes can  affect th e  e lec tron  
tr a n s p o r t  a t  th e se  m a te ria ls .
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3.4 Modifications of Electronic State Density 
in Scanning Tunneling Microscopy
D e te rm in a tio n  of s tru c tu re  and  e lec tro n ic  p ro p e rtie s  of surfaces is one  of th e  
fu n d a m e n ta l p ro b lem s of su rface  science. S can n in g  T u n n e lin g  M icroscopy (S T M ) 
offers rea l space  im ag in g  an d  a to m ic  scale reso lu tio n  in c lu d in g  n o n p erio d ic  
s t r u c t u r e s . I t  gives th e  a to m ic  a n d  e lec tro n ic  s tru c tu re  of so lid  surfaces 
as well as m olecu les and  biological su b s ta n c e s  w ith o u t invoking  th e  a to m ic  
p e rio d ic ity . T h e re  a re  several d ifferen t ap p ro ach es  to  o b ta in  th e  th e o re tic a l 
d e sc rip tio n  of S T M . T h e  m ost w idely  used  th e o ry  of S T M  is th a t  o f Tersoff an d  
Hamann^®^’*^° w hich is based  on th e  tra n s fe r  h a m ilto n ia n  fo rm alism  p roposed  
by B a r d e e n . P e r t u r b a t i o n  th e o ry  is ap p lied  by assu m in g  large se p a ra tio n  
be tw een  th e  tip  an d  th e  sam p le , i.e. n ea rly  in d e p e n d e n t e lec tro d es . Tersoff an d  
Hamann^*^^’ ’^^ ® show ed th a t  th e  tu n n e lin g  c u rre n t an d  th e  ST M  im ages can  be 
re la te d  to  th e  F erm i level local d en s ity  of s ta te s  (L D O S) of th e  e lec tro n ic  s ta te s  
o f th e  free sam p le  e v a lu a te d  a t th e  c e n te r  of th e  tip , /94( 7^0, ^ f ), by re p re se n tin g  
th e  tip  by a  s ing le  s-w ave.
H ow ever, th e  in te ra c tio n  betw een  th e  sam p le  an d  th e  tip  becom es im p o r ta n t 
w hen  th e  se p a ra tio n  betw een  th e m  is su ffic ien tly  s m a l l . A s  th e  tip  
ap p ro ac h es  th e  sam p le  su rface, th e  t ip -s a m p le  in te ra c tio n  increases an d  th e  
p o te n tia l b a rr ie r  is low ered. O w ing to  th e  overlap  of th e  tip  and  th e  sam p le  
s ta te s  s ite  specific localized  s ta te s  a p p e a r  a n d  p rov ide  a n e t b in d in g  in te ra c tio n , 
w h ereb y  th e  tip  an d  sam p le  a re  co n n ec ted  electronically.*^®“*®* R ecen tly , t i p -  
sa m p le  in te ra c tio n  is th e  su b je c t of severa l works.**^’*®®
In th is  s tu d y , t ip -sa m p le  in te ra c tio n  is in v e s tig a te d  by using  th e  G re e n ’s 
fu n c tio n  ap p ro ac h  w ith in  th e  e m p irica l tig h t b in d in g  m e th o d  ap p lied  to  th e  
tech n o lo g ica lly  im p o r ta n t Si(lOO) 2 x 1  surface.
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3.4.1 Reconstructed Si(lOO) 2 x 1  Surface
T h e  a to m ic  s tru c tu re  of clean Si (100) su rface  has been  th e  s u b je c t of m any  
e x p e r im e n ta l a n d  th e o re tic a l s tu d ie s  b ecau se  of its  techno log ica l im p o rta n c e , 
esp ec ia lly  o p to e le c tro n ic  devices based  on G a A s/S i (100) ep itaxy . B u t th e re  
is a  long d e b a te  a b o u t th e  a to m ic  s tru c tu re , s ince su b su rface  d is to rtio n s  e x te n t 
u p  to  five a to m ic  layers in to  th e  bulk,*®^ an d  it is d ifficu lt to  p re p a re  w e ll-o rd e red  
su rface  e x p e r i m e n t a l l y . M a n y  m odels  for th e  su rface  s tru c tu re  have been  
p ro p o sed . T h e y  can  be lis ted  in th re e  groups: d i m e r , v a c a n c y ^ ® ® ’^ ^®’^ ^  
a n d  c o n ju g a te d -c h a in  ty p e  m o d e l s . T h e  d im er m odel (sy m m e tric  an d  
a sy m m e tr ic )  is m o st w idely  su p p o rte d  b o th  by e x p e rim e n ts  and  th e o re tic a l 
calculations.i«^'i«^’i'’°’*^ 3'i^ '‘'^ “ -^ °5
R e c o n s t r u c t i o n  M o d e l
As seen in figure 3 .6a, each  of th e  su rface  layer a to m  is bo n d ed  to  tw o a to m s in 
th e  second  layer in ideal Si (100) su rface. H ence, th e re  a re  tw o dan g lin g  bonds on 
each  su rface  a to m . T h e  energy  of th is  su rface  is low ered by su rface  reco n s tru c tio n . 
S ch lier a n d  Farnsworth^®® was first p roposed  ( 2 x 1 )  re c o n s tru c tio n  of th e  
Si(lOO) su rface  by in tro d u c in g  d im er fo rm a tio n . ( 2 x 1 )  d iffrac tion  p a t te rn  is 
re su lte d  from  th e  L E E D  e x p e rim e n ts  on th is  surface.^®® H ence, th e  su rface 
p e rio d ic ity  is d o u b led  in one d irec tio n . H igher o rd e r p e rio d ic itie s  have also been  
observed . A lth o u g h  th e re  a re  a  lo t o f d ifferen t m odels, i t  is well
e s ta b lish e d  th a t  Si a to m s on (100) su rface  d im erize  a long  th e  [110] d irec tio n . 
S u rface  a to m s  m ove to g e th e r  in p a irs  u n d e r  th e  re c o n s tru c tio n , an d  a  new  bond , 
i.e. d im e r b o n d , is fo rm ed  betw een  th e m , so th e  p e rio d ic ity  is doub led  along th e  
d im e r d ire c tio n . T h u s  th e  fo rm atio n  of a  d im er rem oves tw o d ang ling  bonds from  
th e  su rface  for every  d im er. H ence, th e  sy stem  has a  low er energy  configu ra tion .
T op an d  side view s of d im er su rface  re c o n s tru c tio n  m odels a re  rep re sen ted  
in figure 3.7 a n d  3.6. T w o d ifferen t d im e r m odels  a re  p roposed . As seen in 
figure  3 .7b a n d  3 .6b, in -p la n e  d isp la cem e n ts  of su rface  a to m s fo rm ing  a  d im er 
a re  eq u a l in  m a g n itu d e  b u t o p p o site  in d irec tio n  in sy m m e tric  d im er model^®^’^ ®^
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F i g u r e  3 .6 : Top view  of som e of th e  possib le  Si (100) su rface  
Open circles represent atom s in the surface layer and solid circles represent second 
layer atom s. Buckling is shown by white and grey circles, in which one dimer atom  
(big w hite circle) moves upw ards and the o ther a tom  (grey circle) moves downwards. 
A simple side view of bands is shown on the right, a) Ideal surface b) Sym m etric dimer 
model c) A sym m etric (buckled) dim er model
(S D M ). In a sy m m e tr ic  as well as buck led  d im er modeP®^’^ ®^ ’*®° (A D M ), th e re  
is t i l t in g  be tw een  su rface  a to m s as show n in figure 3.7c a n d  3.6a. T h e  d im er 
is fo rm ed  by ion ic bonds betw een  th e  p a ire d  a to m s. W hile  th e  buckled
d im er m ode l g ives a  sem ico n d u c to r su rface  co n s is te n t w ith  th e  pho toem ission  
e x p e r i m e n t , s y m m e t r i c  d im er m odel leads a  m e ta llic  su rface  in one e lec tron  
p ic tu re . T o ta l en erg y  c a l c u l a t i o n s s h o w  th a t  th e  energy  d ifference of th ese
Chapter 3. Green’s Function Approach for 2D Systems 94
a) Buckled 
Dimer 
(Yin-Cohen)
[001]
[ 110]
b) Symmetric 
Dimer 
(Batra)
F i g u r e  3 .7 : S ide view of d im er m odels of th e  Si (100) su rface  
The arrows indicate directions of the displacem ents of the atom s away from their 
bulk positions and the num bers give the m agnitude of these displacem ents in A. 
a) A sym m etric (buckled) dim er b) Sym m etric dim er model
tw o s tru c tu re s , sy m m e tric  or a sy m m e tr ic  d im er, is very  sm all and  it is in th e  
lim it o f c o m p u ta tio n a l accuracy . M oreover, d ifferen t d im er m odels a re  also 
p r o p o s e d . P a n d e y * ^ ^  p roposed  th e  m issing  of som e d im ers  period ically . 
So, th e  n u m b e r  of d ang ling  bonds decreases b ecau se  of reb o n d in g  in th e  layer 
below  th e  defec t. N orthrup^^^ suggested  th a t  th e  d im ers  form  a (2 x 1) s tru c tu re  
in th e  second  layer. T h e  re c o n s tru c tio n  of Si (100) su rface  has been  s tu d ie d  
extensively^®^’^ ®^ ’*^°’'^^’^^ '*’' °^^ ’^ °'*’^ °®“^^ ® in recen t years , an d  e ith e r  of th e  d im er 
m odels , i.e. sy m m e tr ic  or buck led , a re  re su lte d  in d ifferen t s tu d ies. In ST M
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s tu d ie s  of th is  su rface  b o th  of th e  d im er m odel is o b s e r v e d . B u c k l e d  
d im e rs  a re  o ften  observed  n ea r su rface  defec ts .
T he  M e t h o d
W e in v e s tig a te  th e  tip -su rfa c e  in te ra c tio n  on Si (100) su rface  by using  th e  
G re e n ’s fu n c tio n  app ro ach . T h e  sa id  in te ra c tio n  occurs in a  sy stem  of lower 
d im e n s io n a lity  an d  hence is w ith in  th e  scope of p resen t thesis. E lec tro n ic  
s tru c tu re  of Si (100) su rface was s tu d ie d  w ith in  th e  sc a tte r in g  th e o re tic a l m e th o d  
(G re e n ’s fu n c tio n  fo rm u la tio n ) b e f o r e . T h e  STM  asp ec ts  of Si (100) 
su rface  was also  tre a te d  experim entally^^^ ’^ ^''’^ *'*’^ ^  ^ an d  th e o re tic a lly .
B o th  of th e  re c o n s tru c tio n  m odels , sy m m e tr ic  an d  a sy m m e tric , desc rib ed  in 
figure  3.7 is ex p lo red  w ith in  th e  e m p irica l tig h t b in d in g  m e th o d  by using  G re e n ’s 
fu n c tio n  m e th o d . T ip  is fo rm ed  e ith e r  from  Si a to m s  o r G e a to m s. W e used  th e  
en erg y  p a ra m e te rs  of P an d ey  an d  P h illip s^“® for c o n s tru c tio n  of e m p irica l tig h t 
b in d in g  h a m ilto n ia n . T h e  average  of th e  energy  p a ra m e te rs  of bu lk  a to m s is 
used  as energy  p a ra m e te rs  for th e  in te ra c tio n  be tw een  th e  tip  and  sam p le  a to m s. 
S ince, th e  tip  scans th e  su rface in S T M , th e  in te ra to m ic  d is tan ces  be tw een  th e  tip  
a to m  an d  th e  su rface  a to m s are  d ifferen t th a n  th e ir  ideal bu lk  values. In a d d itio n  
to  th is , in b o th  of th e  rec o n s tru c tio n  m ode ls . Si a to m s a re  re lax ed  up  to  fo u rth  
layer. So, th e  energy  p a ra m e te rs  a re  sca led  by th e  d~^  scaling  rule.'®^’ *^^ ’^^ *^^
S ince th e  sy stem  preserves th e  tw o d im en sio n a l p e riod ic ity , th e  basis se t is 
ta k e n  as layer o rb ita ls  w hich a re  d esc rib e d  in sec tion  3.2 before. In a d d itio n  to  
th e  Si layers, fic titious  layers a re  defined  for tip  a to m s. A sc h e m a tic  side view 
of th e  sy stem  is p resen te d  in figure 3.8. T h e  u n p e r tu rb e d  sy stem s is defined 
as th e  sa m p le  w ith  an  in d e p e n d e n t tip . T h ere fo re , th e  G re e n ’s m a tr ix  of th e  
u n p e r tu rb e d  sy stem  can be w ritte n  as:
Go —
^12 0
G .^ 1 0
0 0
(3.78)
H ere G re e n ’s m a tr ix  of th e  sam p le  is p a r ti t io n e d  acco rd ing  to  th e  ran g e  of th e
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Z-t-jr
z
z-sz  
z-:2  
z - s t  
z —z
F i g u r e  3 .8 ; S ide view  of Si (100) w ith  tip
in te ra c tio n  be tw een  th e  sam p le  an d  th e  tip . T h e  t ip -s a m p le  in te ra c tio n  is ta k en  
as p e r tu rb in g  p o te n tia l. H ence, th e  p o te n tia l m a tr ix  is
0 0 0
0 0 V23
0 K32 0
V
T h e n , G re e n ’s m a tr ix  in th e  p resence  of th e  t ip -s a m p le  in te ra c tio n  
c a lc u la te d  from  D y so n ’s e q u a tio n .
(3.79)
can be
r^ sCj i i G i 2 0 ■ g \ , a g \. ^ 12*  ^^ 2 2 G \ , B G i ,  '
G  = r^ s^ 2 1 ^ 2 2 0 + G\,AG^,, G i,A G ·,,
rtS JD/^ t 
^ 2 2  ^^^33
0 0 G33 . L ^ 33 ^^  -^^ 21 G ‘, ,C G U G J , i > G 53 .
(.3.80)
w here th e  m a tr ic e s  A, B, C, D cue
A =  143G‘3K32 ( l  -  G'^2^23f?33V^32) 
B = V23(l-Gl,V32G^,V23) 
c = V32 -  G ,^V23G ,^V32)
D = V32G2 2V23 (1  ~  G 33142^ 22^ 3)
-1
^-1
-1
-1
(3.81)
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F i g u r e  3 .9 : S urface  s ta te s  of Si (100) (2 x  1) su rface  
a) A sym m etric (buckled) dim er b) Sym m etric dim er model
T h e  d e n s ity  of s ta te s  or th e  change in th e  d en s ity  of s ta te s  can  be ca lc u la te d  from  
e q u a tio n  3.24 or 3.32 by in se rtin g  th is  fo rm  of G re e n ’s fu n c tio n .
S u r f a c e  St a t e s
H av ing  p re sen te d  a b rie f su m m a ry  of th e  m e th o d , we now in v e s tig a te  th e  t ip -  
sa m p le  in te ra c tio n  in STM  of Si (100) ( 2 x 1 )  surface. F irs t, th e  su rface  s ta te s  
a re  ex p lo re d  by using  e m p irica l t ig h t b in d in g  m e th o d . To do th is , a  slab  is 
fo rm ed  w ith  12 Si layers an d  6 vacu u m  layers n o rm a l to  th e  [001] d irec tio n . T h e  
su rface  s ta te s  w ith in  th e  fu n d a m e n ta l b a n d  g ap  of p ro je c te d  b an d s  of Si (100) are  
p re se n te d  in figure 3.9. T h e re  a re  tw o s ta te s  w ith in  th e  fu n d a m e n ta l gap  in b o th  
re c o n s tru c tio n  m odels. W hile  th e  buck led  d im er m odel y ie lds a  sem ico n d u c to r 
su rface , sy m m e tr ic  d im er m odel is m e ta llic . T h ese  s ta te s  can  be an a ly zed  by
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S T M , since e ith e r  by chang ing  th e  p o la rity  of th e  a p p lie d  b ias v o ltage  V, o r by 
ch an g in g  its  value for a  g iven p o la rity  one is ab le  to  p ro b e  su rface -lo c a lized  s ta te s  
in  th e  e lec tro n ic  energy  sp e c tru m .
T ip - s a m p l e  In t e r a c t i o n
T h e  tip - s a m p le  in te ra c tio n  is in v e s tig a ted  by G re e n ’s fu n c tio n  ap p ro ach . W ith in  
th is  fo rm u la tio n , change in d e n s ity  of s ta te s  of each  a to m  is ca lc u la te d  from  
e q u a tio n  3.24 a n d  3.32. B o th  of th e  re c o n s tru c tio n  m odels  a re  in v e s tig a ted  as 
sa m p le  an d  th e  tip  of th e  S T M  is re p re se n te d  by a  G e a to m . T h e  change in LD O S, 
AN,  as a  fu n c tio n  of energy  a t th e  ce n te r  of su rface  B rillou in  zone for d ifferent 
tip  p o sitio n s  is show n in figure 3.10 for buck led  d im e r m odel an d  in figure 3.11 
for sy m m e tr ic  d im e r m odel. A t th e  energy  of p ^ -o rb ita l of G e, a  d ip  resu lts  in 
A N  of tip  a to m  in th is  energy  in te rva l. As th e  tip - s a m p le  d is ta n c e  h increases, 
m a g n itu d e  of th is  d ip  decreases, since th e  in te ra c tio n  betw een  th e m  decreases. 
A lth o u g h , th e  A N  o f tip  a to m  is id en tica l for th e  tip  above th e  u p -su rfa c e  a to m  
a n d  d o w n -su rfac e  a to m  in sy m m e tric a l d im er m ode l, it differs in buck led  d im er 
m ode l. T h is  is d u e  to  th e  d ifferen t tip -su rfa c e  a to m  d is ta n ces  b ecau se  of buckling . 
T h e  tip  a to m  m a in ly  in te ra c ts  w ith  su rface  a to m s, A N  d ecreases considerab ly  
w hen going from  th e  su rface  layer to  th e  in n e r layers. For sm all h, A N  of su rface 
a to m s  show s a  d ip  a t  th e  energy  of su rface  s ta te . T h e re  is gap  in th e  energy  of 
su rface  s ta te s  in A D M . H ence, th e  d ip  o ccu r a t  d ifferen t energ ies for u p -su rface  
a to m  a n d  d o w n -su rfa c e  a to m  for A D M . In -p la n e  tip  p o s itio n  affects th e  A N  
b ecau se  of a sy m m e tr ic  c h a ra c te r  of th e  m odel. O n th e  o th e r  h a n d , SD M  yields a  
m e ta llic  su rface. For sm all h, A N  o f su rface  a to m s a re  s im ila r to  each o th e r. In 
SD M , AN  o f th e  u p -su rfa c e  a to m  w hen th e  tip  is above th e  d o w n -su rface  a to m  
is ex a c tly  sam e  w ith  one of th e  d o w n -su rface  a to m  w hen th e  tip  is above th e  u p -  
a to m , or vice versa , because  of th e  sy m m e try  of th e  m odel. W hen  h increases, 
A N  o f th e  a to m  below  th e  tip  a to m  decreases slow er th a n  th e  o th e r  su rface a to m  
in b o th  of th e  m ode ls , as co n s is te n t w ith  red u ced  t ip -s a m p le  in te ra c tio n .
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F i g u r e  3 .1 0 : C h an g e  in LDOS in a sy m m e tr ic  d im er m odel for d ifferen t tip  
p o s itio n s  a t Г p o in t
In each panel, the upperm ost line shows the change in LDOS of tip atom . Following 
lines show the change in LDOS of down-surface atom , up surface atom , and second 
layer atom s, respectively. In the left panels, tip is above the up-surface atom , while it 
is above the dow n-surface atom  in the right panels. The separation between the tip 
and the surface atom , h, is 2 A in (a) and (d), 3 A in (b) and (e), 4 A in (c) and
(0
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F i g u r e  3 .1 1 : C hange in LD O S in sy m m e tric  d im er m odel for d ifferen t tip  
p o s itio n s  a t r  p o in t
In each panel, the upperm ost line shows the change in LDOS of tip atom . Following 
lines show the change in LDOS of down-surface atom , up surface a tom , and second 
layer atom s, respectively. In the left panels, tip is above the up-surface atom , while it 
is above the dow n-surface atom  in the right panels. The separation between the tip 
and the surface atom , /i, is 2 A in (a) and (d), 3 A in (b) and (e), 4 A in (c) and
(f)
Chapter 4
Electric Field Effects on Finite 
Length Superlattices
P erio d ic  s tru c tu re s  u n d e r an  e lec tric  field d isp lay  in te re s tin g  p ro p e rtie s . A ppli­
ca tio n  of a  c o n s ta n t e lec tric  field, F  leads to  a  lin ea r c o n tr ib u tio n  eF ■ to  th e  
perio d ic  p o te n tia l o f th e  t im e - in d e p e n d e n t S ch röd inger eq u a tio n .
/  h'^  ^
2771
■ V -f- — eF  · r  I (4.1)
w ith  K (r)  d en o tin g  th e  p e rio d ic  c ry s ta l p o te n tia l. B ecause  of tra n s la tio n a l 
sy m m e try , a p p lic a tio n  of tra n s la tio n  o p e ra to r  to  S ch röd inger e q u a tio n  yields a 
sh ift in energy. In o th e r  w ords, tra n s la tin g  th e  above e q u a tio n  by a  la tt ic e  vecto r 
t a long  th e  field d ire c tio n , and  in se rtin g  F(7^4- i) =  V{r) one ge ts
f -  — +  V{r) -  eF ■ 7·) i/>(7’ -h =  {e + jaeF)7l7{r +  t) (4 .2 )
y 277?.* J
w here  a is th e  la t t ic e  c o n s ta n t along  th e  field d irec tio n , an d  |f | =  ja  {j is an 
in teg er). T h ere fo re , E -)- maeF  becom es a so lu tion  of e q u a tio n  4.1 w ith  th e  
sh ifted  w ave fu n c tio n  7/’(7‘^ -f- t). H ence, th e  ap p lica tio n  of successive tran s la tio n s  
leads to  an  even ly  spaced  energy  sp e c tru m . T h e  re su ltin g  en erg y  sp ec tru m  
is called  as th e  W a n n ie r -S ta rk  la d d e r (W SL ). C o rresp o n d in g  w ave functions 
show  th e  W a n n ie r -S ta rk  l o c a l i z a t i o n . A n o t h e r  well know n fea tu re  of th e
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e x te rn a l e le c tr ic  field ap p lied  to  a  s e m ic o n d u c to r  is th e  F ra n z -K e ld y sh  elFect^^^’^ '^^  
w h ich  is th e  fo rm a tio n  of th e  low en erg y  ta il below  th e  b and  gap  in th e  op tica l 
a b so rp tio n  coefficient. L a te r it was show n th a t  th e  e lec tric  field gives ri,se to  also 
an  o sc illa to ry  b eh av io r in th e  o p tica l a b so rp tio n  coefficient above th e  b an d  gap.^^^ 
B loch  oscillation^^'*’^ ®^ (w hich is th e  p e rio d ic  m o tio n  of an  e lec tro n  in o rd in a ry  
sp ace  d u e  to  th e  reflection  a t th e  B rillo u in  zone b o u n d a ry ) is c o n jec tu red  to  be 
an  im p o r ta n t  consequence  of th e  e le c tr ic  field in th e  period ic  s tru c tu re . O w ing 
to  an  ap p lied  c o n s ta n t e lec tric  field th e  b an d s  a re  inc lined  in th e  o rd in a ry  space 
cau s in g  to  th e  in te rb a n d  or Z ener tunneling.^^® T h e  tu n n e lin g  m a tr ix  e lem en t 
itse lf  show s an  o sc illa to ry  b eh av io r in th e  e lec tric  field ow ing to  th e  W a n n ie r-  
S ta rk  q u a n tiz a tio n .
4.1 Overview of Theory and Experiments
T h e  d y n a m ic s  o f e lec tro n s was d iscussed  first by B lo c h .S e m i c l a s s i c a l  analysis  
of th e  p o te n tia l ,  i.e. period ic  p o te n tia l w ith  linearly  vary ing  te rm  eF-r,  re su lts  in 
th e  B loch o s c i l l a t o r . L a t e r ,  q u a n tu m  m ech an ica l t r e a tm e n t of th e  d y n am ics  of 
e lec tro n s  in an  e lec tric  field was d iscussed  by Wannier·^'®’·^ ®^ by so lv ing  th e  tim e  
d e p e n d e n t S ch röd inger eq u a tio n . He show ed th a t  th e  ex ac t so lu tio n  is H o u sto n ’s 
fu n c tio n  defined  as^^®
t) =  exp  | - z '  ^  Cniko -  (4··^)
w hich  was an  a p p ro x im a te  so lu tion  in th e  o rig inal s tu d y  of H ouston .
U sual t r e a tm e n t  of th e  p ro b lem  s ta r t s  w ith  th e  S ch röd inger eq u a tio n  in th e  
c ry s ta l m o m e n tu m  r e p r e s e n t a t i o n . I n s e r t i n g  th e  w ave fu n c tio n  e x p an d e d  in 
te rm s  of B loch func tions ,
■'/’(?") =  (4.4)
nk
in to  th e  S ch rö d in g er e q u a tio n  an d  th e n  p ro je c tin g  o u t th e  space  co o rd in a te s , one 
o b ta in s
En{k) +  i^F e (in{k) +  ^  eF Xnm{k)(iin{k) — 0 (4.5)
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in th e  p resen ce  of fin ite  a n d  c o n s ta n t e lec tric  field F  a long  th e  ^ -d ire c tio n . H ere 
n d en o te s  th e  b an d  index , En{k) is th e  b a n d  energy  of an  e lec tro n  in th e  period ic  
la t t ic e  w ith  e ig en fu n c tio n s  an d  e is th e  energy  in th e  p resen ce  of F. T h e
b a n d  coup ling  is
^
d
(4.6)
w here  is th e  p e rio d ic  p a r t  o f th e  B loch fu n c tio n , an d  th e  in te g ra tio n  is over
th e  u n it  cell i7o· If th e  in te rb a n d  coup ling  te rm s  Xnm w ith  n  7  ^ m a re  neg lec ted  
one  can  read ily  o b ta in  th e  so lu tio n  for a  g iven b an d  n by in te g ra tio n
( " ¿ r  ~  (4.7)
T h e  p e rio d ic ity  re q u ire m e n t on aj {^k) re su lts  in W SL
—
ij.n =  ^  [ ^ ’>(^) ~  ^rXn^(k)'^ dk, (4.8)
w here  a is th e  p e rio d ic ity  of th e  c ry s ta l along  th e  field d ire c tio n , an d  j  is an 
in te g e r  w hich labels th e  energy  in eq u a tio n  4.5. In th e  o n e -b a n d  sy stem  th e  
in d ex  71 o f €j^ n is d ro p p ed . H av ing  derived  th e  tig h t b in d in g  eigenvalues and  
e ig en fu n c tio n s  of W SL w ith in  th e  o n e -b a n d  m odel, Saitoh^^® a rg u ed  a b o u t th e  
v a lid ity  of neg lec ting  in te rb a n d  te rm s . He chose a  t ig h t-b in d in g  m odel of a 
co n d u c tio n  b an d , an d  th e n  c a lc u la te d  th e  valence b and  m ix in g  a t  th e  o rd er of
eF a
Since th is  q u a n tity  is m uch  sm a lle r  th a n  u n ity  for m o d e ra te  e le c tr ic  field values, he 
a rr iv e d  th a t  th e  in te rb a n d  effects a re  neglig ib le for ty p ica l se m ico n d u c to rs . T h e  
in te rw e ll an d  in te rb a n d  te rm s  w ere also  iden tified  by e x p a n d in g  w avefunction  in 
te rm s  of W an n ier functions.
T h e  W SL p ro b lem  has been  th e  s u b je c t of d isp u te  for severa l decades. T h e  
m a th e m a tic a l d ifficu lties in h an d lin g  th e  e lec tric  p o te n tia l have  been  p rim ary  
cause  of th e  lack of consensus. F irs t of a ll, s ince th e  e lec tric  p o te n tia l is linear in
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th e  sp ace  c o o rd in a te , it destroys th e  p e rio d ic ity  of th e  c ry s ta l p o te n tia l. Secondly, 
th e  p o te n tia l  energy  becom es u n b o u n d e d  for an  in fin ite  c ry s ta l, so th e  s ta te s  
becom e m e ta s ta b le  reso n an ce  s ta te s . D iscussion  a b o u t W SL  has begun  w ith  th e  
s tu d y  of He in tro d u c e d  A rç-representation  w here k is q u as i-m o m en tu m
a n d  q is q u a s i - c o o r d i n a t e . T h e  S ch rôd inger eq u a tio n  for a  B loch e lec tro n  u n d e r 
an  e le c tr ic  field was w ritte n  in A;</-representation as:
1
C{kq) =  eC{kq). (4.9)
E x a c t tim e  d e p e n d e n t so lu tion  t) o f S ch röd inger eq u a tio n  for a  B loch e lec tro n  
in an  e le c tr ic  field has th e  form
= e-'^^C,{k -  eFt,r) (4 .10)
w here is a  so lu tion  of eq u a tio n  4.9 co rresp o n d in g  to  th e  energy  e. eq u a tio n  4.9 
was so lved  in o n e -b a n d  m odel and  tim e  d e p e n d e n t so lu tion  (4.10) was fo rm ed  
w hich differs from  H o u sto n ’s fu n c tio n  only  by a  p h ase  fac to r. Zak d iscussed  
th a t  th is  so lu tio n  is c o n t r a d i c t o r y . S o m e  of Z a k ’s a rg u m e n ts  can  be lis ted  as 
follow ing: i) E nergy  sp e c tru m  in th e  p resence  of e lec tric  field ru n s  from  —oo to  
-t-oo, b u t th e  ran g e  of energ ies of basis se t fu n c tio n s , i.e. o n e -b a n d  s ta te s , is 
b o u n d ed . T h is  fac t is d ue  to  th e  n eg lec ted  in te rb a n d  te rm s  tFXum(k) w hich are  
of th e  sam e  o rd e r  eFa as th e  spacing  of W SL. ii) A co n tin u o u s index  e can  be 
assigned  to  th e  genera l t im e -d e p e n d e n t so lu tion  (4.10) since th e  eigenvalues of 
eq u a tio n  4.9 a re  con tinuous. A lthough  one can  find a  se t of levels, e -f jaeF,^^^ 
no W SL  em erges  from  th e  co n tinuous sp e c tru m  of e co rresp o n d in g  to  an  in fin ite  
sy stem . W ith in  th e  sam e  co n te x t, Zak also q u es tio n ed  th e  W a n n ie r’s o rig inal 
e q u a t i o n . A n o t h e r  su b je c t of co n troversy  has been  th e  a ssu m p tio n  of 
n eg lec tin g  in te rb a n d  te rm s  Xnm- Zak q u es tio n ed  th e  v a lid ity  of th is  a ssu m p tio n  
by show ing th e  inco n sisten cy  in th e  p e rio d ic ity  re q u ire m e n t of th e  period ic  p a r t  
of B loch f u n c t i o n s . T h e  assu m p tio n  th a t  in te rb a n d  te rm s  can  be neg lec ted  
leads to
ok
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B u t its  so lu tio n
= (?i>(7^ exp J  Xnn{k)dk
is n o t sa tisfy  th e  usual b o u n d a ry  c o n d itio n s  on O n th e  o th e r  h an d ,
F u k u y a m a  et have s tu d ie d  th e  tw o -b a n d  tig h t b in d in g  m ode l, an d  found
th e  tw o in te r -p e n e tra tin g  W SL. His re su lt was also confirm ed  by th e  n u m erica l 
so lu tio n  of th e  tw o -b a n d  tig h t b in d in g  H a m i l t o n i a n .S i m i l a r l y ,  so lu tio n  of th e  
tw o -b a n d  tig h t b in d in g  m odel based  on th e  p e r tu rb a tio n  th e o ry  in th e  p resence 
of th e  w eak in te rb a n d  coup ling  was also  re su lte d  in tw o in te r -p e n e tra tin g  WSL.^^®
Rabinovitch^^^^ s tu d ie d  th e  b o u n d a ry  co n d itio n s  for a  fin ite  one d im ensiona l 
sy s tem . He show ed th a t  B o rn -v o n -K a rm a n  ty p e  of p e rio d ic  b o u n d a ry  cond itions 
a re  in c o m p a tib le  w ith  th e  S ch röd inger e q u a tio n  because  of th e  n o n -p e r io d ic ity  
of th e  p o te n tia l. O n th e  o th e r  h a n d , V’(O) =  ^.nd »/>'(0) =  ik'{a) ty p e  of
p e rio d ic  b o u n d a ry  co nd itions  in v a lid a te  th e  tra n s la tio n a l sy m m e try  a rg u m e n t. 
H e con c lu d ed  th a t  th e  W SL does n o t ex is t. T h e  sam e  p ro b lem  was tre a te d  
n u m e ric a lly  for th e  M a th ieu  ty p e  m ode l p o t e n t i a l . T h i s  also in d ic a te d  th e  
ab sen ce  of W SL.
In recen t years , new ideas have d eve loped  w ith  th e  renew al of in te re s t to  solve 
th e  W SL  p ro b lem . K rieger an d  la fra te  u sed  a  v ec to r p o te n tia l to  d esc rib e  th e  
e le c tr ic  field in s te a d  of a  sca la r p o t e n t i a l . I n  th is  fo rm alism  tim e  d ep en d e n t 
S ch rö d in g er eq u a tio n  is
(;T — e/cAy
2m
+ V(f ) * (? .< )  =  Í) (4.11)
w here
A =  - e  Í  F{t')dt'. 
Jo
T h e n  ^{r, t )  is e x p an d e d  in te rm s  of th e  in s ta n ta n e o u s  so lu tions  of th e  sam e 
H a m ilto n ia n
{ p -  e l c A f
2m
+ V(f) (4.12)
T h is  way n o n -p e r io d ic ity  of H a m ilto n ia n  was rem oved , an d  th e  so lu tion  of 
th e  t im e -d e p e n d e n t S chröd inger eq u a tio n  b ecam e eq u iva len t to  th e  H o u sto n ’s
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F i g u r e  4 .1 : T h e  e lec tric  field p o te n tia l energy  decom posed  in to  p e rio d ic  and  
n o n p e rio d ic  co m p o n en ts
result^^® o b ta in e d  using  a  sca la r p o te n tia l. T h is  equ iva lence  was also  shown^“*^  
by em p loy ing  a  gauge tra n s fo rm a tio n . A se lec tion  ru le  for o p tic a l tra n s itio n s  was 
de riv ed  w ith o u t a ssu m in g  th e  W SL show ing th a t  th e  energy  spac ing  is equal to  
th e  energy  sp ac ing  of th e  W SL. H ow ever, Zak p o in te d  o u t th a t  th e  use of th e  
v ec to r p o te n tia l to  d esc rib e  th e  e lec tric  field only  conform s th e  p ro b lem  from  
th e  space  do m ain  to  th e  tim e  d om ain . C onsequen tly , th e  basis se t is period ic  
in  t im e  a t la t t ic e  s i t e s . S o  th e  d ifficu lty  in ex p a n d in g  th e  so lu tion  of th e  
n o n p e rio d ic  H a m ilto n ia n  by using  perio d ic  basis fu n c tio n s  rem a in s . B u t th is  
p ro o f was q u es tio n ed  by K rieger an d  lafrate.^^^
In a  d ifferen t a p p ro a c h , p o te n tia l energy  due  to  th e  e lec tric  field was w ritte n  
as a  sum  of a  p e rio d ic  sa w to o th e d  p o te n tia l and  a  s te p - l ik e  potential^^®“'^ '*^  as 
show n in figure 4.1 w hereby  in te rb a n d  m a tr ix  e lem en ts  of th e  s te p - l ik e  p o te n tia l 
van ish .^“*® B ro ad en in g  of W SL  energy  levels in w hich th e  e lec tric  field m odeled  by 
s te p  p o te n tia l w as also  so lved  n u m e r i c a l l y . I n  th is  ap p ro ac h , H am ilto n ian  
for one  d im en sio n a l p e rio d ic  p o te n tia l of N  s ite s  becomes^'*®”'^ ^^
N N
H — ------- h V ] ~  ma) — eFa Q(x/a — m)
2m
(4.13)
7 H = 1 7 7 1  =  1
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F i g u r e  4 .2 : E lec tric  field a b so rp tio n  coefficient a t  24 K 
A bsorption coefficient for three different electric field values. From Reference 260
w here  is th e  p e rio d ic  p o te n tia l p lus sa w to o th e d  co m p o n en t of th e  e lec tric  
field , an d  0  is th e  s te p  fu nc tion . T re a tin g  th e  p e rio d ic  saw to o th ed  p o te n tia l 
to g e th e r  w ith  th e  c ry s ta l p o te n tia l gives th e  e lec tric  field d e p e n d e n t B loch s ta te s  
red u c in g  th e  e lec tric  field p ro b lem  to  th e  s te p - l ik e  p o te n tia l p ro b lem . In th is  case 
m u ltib a n d  p ro b lem  becom es effective o n e -b a n d  p ro b lem
[ t(F ;  n , k) -  A „^(F; n , k) =  ieF-^A,n{F· n, k) (4.14)
w here A.,,iiF;n, k) a re  ex pansion  coefficients. E q u a tio n  4.14 can  be solved easily  
by  integration.^^® “^''^ T h is  ap p ro ach  was also  q u es tio n ed  w h e th e r in te rb a n d  
m a tr ix  e lem en ts  of s te p - l ik e  p o te n tia l van ish  or S ince th e  sy stem
was fin ite , th e  defin itio n  of K ronecker d e lta  fu n c tio n  was also d iscussed .
T im e  evo lu tio n  of a  B loch e lec tro n  in a  c o n s ta n t e lec tric  field was also tre a te d  by 
using  a s te p - l ik e  p o te n tia l.
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y N " ^ . ik.. y y y y ^-< ■ I ■ Cwi¿.iaSuSi 3j sss is BBBiHr·
(a)
F i g u r e  4 .3 : C o n d u c tio n  an d  valence b a n d  p o te n tia l profiles a t  d ifferen t e lec tric  
fields
a) small, b) m oderate, and c) high electric field. Possible optical transitions and 
corresponding labeling are also shown. From Reference 261
In th e  e x p e rim e n ts  re la te d  to  WSL,^*^° th e  req u ire d  e lec tric  field is n o rm ally  
to o  high an d  c re a te  d ifficu lties. A lth o u g h  o p tica l a b so rp tio n  resu lts  in s e m i-  
in su la tin g  G aA s of Koss ei show som e fea tu re s , it is n o t conclusive a b o u t
W SL  as seen in figure 4.2. N everthe less , lo ca liza tio n  can  be observed  a t  re la tiv e ly  
red u ce d  field values in su p e r ia ttic e s , s ince th e  w id th  of th e  m in ib a n d  is reduced  
d u e  to  th e  la rge  p e riod ic ity . T h e  p e rio d ic ity  in c reased  w ith  resp ec t to  th e  bu lk  
c ry s ta ls , so th e  la d d e r en erg y  eFa is la rge a t low er field values.
In fac t, recen tly  M endez et observed  W SL in G a A s/G a A lA s  s u p e r ia t­
tices  by p h o to c u rre n t and  p h o to lu m in escen ce  m e a su re m e n ts . T h e  e x p e rim en ts  
involve o p tica l tra n s itio n s  betw een  th e  co n d u c tio n  and  valence m in ib an d s  as 
seen in figure 4.3. E x ten s io n  of w ave fun c tio n  of s ta te s  is d ecreased  w ith  
inc reasin g  e lec tric  field. T h ere fo re , th e  in te rb a n d  tra n s itio n s  will be re s tr ic te d
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F i g u r e  4 .4 : P h o to c u rre n t (P C ) s p e c tra  a t d ifferen t e lec tric  fields 
T he peaks labeled by 0, ± 1 , and ±2 are for transitions from heavy hole sta tes  to the 
weakly delocalized electron s ta tes . Similarly I denotes the  light hole sta tes. From 
Reference 261
as a  fu n c tio n  of app lied  e lec tric  field as show n in figure 4.3. F igu re  4.4
show s th e  p h o to c u rre n t s p e c tra  of G aA s-G ao.es Alo.aseAs s u p e r la t tic e  w hose layer 
th ick n ess  a re  30 A an d  35 A respective ly . P eak  energ ies w ith  re sp ec t to  e lec tric  
field a re  p lo tte d  from  p h o to c u rre n t s p e c tra  in figure 4.5. Fan d ia g ra m  of W SL 
can  be seen in figure 4.5. A t th e  sam e tim e , t ig h t b in d in g  ca lcu la tio n  of 
o p tic a l a b so rp tio n  coefficient show ed th e  field in d u ced  localization.^®^ A fter these  
s tu d ie s  a  n u m b e r of e x p e r im e n ta l re su lts  w ere a p p e a re d  in th e  li te ra tu re . 
Q u a n tu m  coherence was also  s tu d ie d  in th e  o p tica l m e a su re m e n ts  by ex am in in g  
th e  w ave fun c tio n  ex ten sio n s  of e lec tro n s as a  fu n c tio n  of e lec tric  f i e l d . I n  
c o n tra s t to  th e  q u a n tu m  confined  S ta rk  effect, room  te m p e ra tu re  observation  of 
W S L  was also a c h i e v e d , a n d  te m p e ra tu re  d ep en d e n ce  of q u a n tu m  coherence 
was in v e stig a ted .^ ’^® W SL  was also observed  by  using  e lec tro reflec tan ce  
s p e c t r o s c o p y , a n d  d e lo ca liza tio n  and  m ix ing  of co up led  m in ib an d s  was
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F i g u r e  4 .5 : T ran s itio n  energ ies versus e lec tric  field 
Peak energies of photocurren t spectra  is shown as a  function of electric field. The filled 
circles corresponds to heavy-hole transitions, whereas the open circles refer to light 
holes. From Reference 261
r e p o r t e d . E x c i t o n i c  effects an d  ex c ito n  S ta rk  la d d e r w ere s tu d ie d  b o th  
experimentally^^^-^^*^ and  t h e o r e t i c a l l y . B y  em b ed d in g  q u a n tu m  wells 
in su p e r la t tic e s , d ifferen t in te rb a n d  tra n s itio n s  w ere m o n i t o r e d . E m p i r i c a l  
tw o -b a n d  m odel was also re fo rm u la te d  by  in c lu d in g  e lec tric  f i e l d . W S L  
w as also in v e s tig a te d  in s tra in e d  layer s u p e r l a t t i c e s . E l e c t r o n i c  s tru c tu re  of 
f in ite  le n g th  s u p e r la ttic e s  u n d e r an  e x te rn a l e lec tric  field was solved n u m erica lly  
show ing  lo ca liza tio n  an d  b an d  m ix ing  effects.^®^’^ ®®
W a n n ie r -S ta rk  lo ca liza tion  en ta ils  n o t on ly  th e  e lec tro n ic  p ro p e rtie s  b u t 
also  th e  t r a n s p o r t  of e l e c t r o n s . N e g a t i v e  d ifferen tia l co n d u c tiv ity  
in se m ic o n d u c to rs  due  to  th e  B loch o sc illa tions  was p roposed  by E saki an d  
Tsu.^^ L a te r, a n o th e r  m ech an ism  for n eg a tiv e  d ifferen tia l c o n d u c tiv ity  was 
c la im e d  in te rm s  of hopp ing  c o n d u c tio n  betw een  th e  W a n n ie r-S ta rk  localized  
s t a t e s . R e c e n t l y ,  th is  n eg a tiv e  d ifferen tia l co n d u c tiv ity  was observed
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in a  t r a n s p o r t  e x p e rim e n t p e rfo rm e d  on G a ln A s /A lIn A s  s u p e r l a t t i c e s , a n d  
th e  n e g a tiv e  d ifferen tia l ve loc ity  was observed  on G a A s/A lA s  su p e rla ttic e s  
by m icrow ave m e a s u r e m e n t s . A p p l i c a b i l i t y  of th e  tw o m ech an ism s was 
d iscussed  r e c e n t l y . O n  th e  th e o re tic a l basis, a  n u m erica l so lu tio n  of b a lan ce  
e q u a tio n  for B loch e lec tro n s in a  s u p e r la t tic e  m in ib an d  was g iven  by Lei et 
R ecen tly , coex istence  of W a n n ie r -S ta rk  lo ca liza tion  a n d  n eg a tiv e  d ifferen tia l 
v e lo c ity  was show n in sam e  G a A s/A lA s  s u p e r la t tic e  experim entally '^^^ w hich 
exem plifies  th e  link  betw een  W a n n ie r -S ta rk  q u a n tiz a tio n  an d  n eg a tiv e  d ifferen tia l 
c o n d u c tiv ity .
W e w ould like to  su m m a riz e  th is  in tro d u c tio n  to  th e  W a n n ie r -S ta rk  lad d er 
p ro b lem  by s ta t in g  im p o r ta n t  an d  c u rre n t issues: 1) M u ltib a n d  effects: T h a t is 
w h e th e r  th e  in te rb a n d  coup ling  delocalizes th e  localized  W a n n ie r -S ta rk  s ta te s  of 
o n e -b a n d  m odel, or no t. 2) P e rio d ic  b o u n d a ry  cond itions: S ince th e  e lec tric  
p o te n tia l  is lin ea r in th e  space  co o rd in a te , it destroys th e  p e rio d ic ity  of th e  
H a m ilto n ia n . 3) L arge sy stem s: P o te n tia l energy  becom es u n b o u n d e d  in in fin ite  
c ry s ta l.
4.2 Wannier-Stark Ladder on Finite Length 
Superlattices
B riefly, w hile  th e  d isp u te  on W SL  is la stin g , recen t s tu d ie s  in fin ite  sy stem s 
p ro v id ed  ev idence  th a t  th e  lo ca liza tio n  do e x i s t . I n  th is  
w ork, we fu r th e r  s tu d y  th e  W SL  p ro b lem  by so lv ing  th e  S ch rö d in g er eq u a tio n  
of fin ite  len g th  su p e r la ttic e s  u n d e r a  c o n s ta n t e lec tric  f i e l d . B a s e d  on ou r 
re su lts  o b ta in e d  by n u m erica l c a lcu la tio n s  we p resen t new  a sp e c ts  of W SL. T h e  
sy s te m  we d e a lt w ith  co rresp o n d s to  th e  artific ia l s tru c tu re ; it can  b e  realized  
e x p e r im e n ta lly  an d  th e  physical p a ra m e te rs  of w hich a re  ch an g ed  to  te s t  various 
co n tro v e rs ia l issues. For ex am p le , ow ing to  th e  re la tiv e ly  la rg e r p e rio d ic ity  along 
th e  g ro w th  d irec tio n  of th e  m u ltip le  q u a n tu m  well s tru c tu re , a , th e  d ifference 
be tw een  consecu tive  la d d e r energ ies, a e F ’, increases. H ence th e  loca liza tion  can
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F i g u r e  4 .6 : P o te n tia l energy  d ia g ra m  for a  fin ite  p e rio d ic  sy stem  
T here are N =  12 quantum  wells, and the geom etrical param eters of the system  are 
tn =  6 =  35 A , and t -  400 A. z is set to  zero a t the center of the structu re . The 
po ten tia l is taken to be infinite outside the system .
b e  rea lized  an d  ana ly zed  by chang ing  p e riod ic ity . By vary ing  th e  h e igh t of th e  
w ell, Vxu, o n e -  an d  m u lti-b a n d  effects on W SL can  be exp lo red . W e add ressed  
follow ing issues: i) T h e  fo rm a tio n  of W SL  in fin ite  sy stem s and  th e  degree of 
lo c a liz a tio n  in q u a n tu m  wells, ii) T h e  effect o f th e  buffer layer an d  th e  n u m b e r 
of q u a n tu m  w ells, iii) M u lti -b a n d  effects.
T h e  sy stem  we s tu d ie d  consists  of N wells an d  A^  — 1 b a rrie rs , an d  buffer layers 
on b o th  sides as show n in figure 4.6. In a d d itio n  to  th e  n u m b e r of wells N, th e  
w id th  m, th e  d e p th  VL of q u a n tu m  w ell, th e  w id th  of th e  b a rr ie r  b, th e  th ickness 
of th e  buffer layers t, an d  th e  effective m ass m* of e lec tro n s a re  th e  p a ra m e te rs  
re le v an t to  th e  sy stem  u n d e r co n sid e ra tio n . T h e  to ta l len g th  of it is L =  d  +  
w ith  d =  Nw +  -  1)6, a n d  its  local p e rio d ic ity  is a =  w + b (See figure 4.6).
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T h e  o n e -d im e n s io n a l ( I D)  eq u a tio n  of th e  envelope  fu n c tio n  in th e  p resence of 
fin ite  e lec tric  field F  can  be w ritte n  in th e  effective m ass  a p p ro x im a tio n :
■ ¿ ¿ 2  + î )  ’i’ (z )  = (4.15)
H ere th e  e le c tr ic  field is along  th e  g row th  d irec tio n  z, a n d  V{z) is th e  q u a n tu m  
well p o te n tia l. 2: is se t to  zero  a t th e  c e n te r of m u ltip le  q u a n tu m  well s tru c tu re . 
T h e  w ave fu n c tio n  van ish  a t th e  end  p o in ts  d ue  to  th e  in fin ite  well p o te n tia l [i.e.
=  0 a n d  =  0]. By using  th re e -p o in t  d e riv a tiv e  fo rm u la , th e  ID
S ch rôd inger eq u a tio n  is tra n sfo rm e d  in to  a  se t of coup led  lin ea r e q u a tio n s . T h e  
convergence  te s ts  a re  p e rfo rm e d  by vary ing  th e  in c re m e n t A z  in  th e  deriva tive  
fo rm u la  from  7 Â to  0.03125 Â, a n d  th e  leng th  of th e  buffer layers from  25 Â 
to  5000 Â. I t  is found  th a t  Az =  0.5 Â an d  t =  400 Â a re  a p p ro p r ia te  for th e  
o b je c tiv e s  of th e  p resen t study . T h e  physical q u a n titie s  a re  g iven in te rm s of 
n o rm a lize d  u n its  (n o rm alized  energy  u n it is 5.72 m eV , d is ta n c e  u n it is 100 Â , 
an d  e lec tric  field u n it is 5.72 k V /c m  for G aA s). For F = 0 tw elve s ta te s  w ith  
E < Vyj fo rm  a m in ib a n d . T h e  “c o n tin u u m  s ta te s ” ( th e  sp e c tru m  of w hich is 
a c tu a lly  d isc re te  for fin ite  L, b u t becom es co n tinuous as T —>· 00) a p p e a r  above 
V{z) > V .^
E nergy  levels below  th e  second buffer layer p o te n tia l for a  fin ite  e lec tric  field 
value a re  show n in figure 4.7. For n o n -z e ro  e lec tric  field values, th e  co n tin u u m  
s ta te s  above th e  wells a t  zero  e lec tric  field also a p p e a r  in th e  sam e  energy  range 
of well s ta te s  as seen in figure 4.7. I t tu rn s  o u t th a t  som e of th e  well s ta te s  and  
th e  co n tin u u m  s ta te s  a re  very  close in energy. T h e  well s ta te s  a n d  th e  co n tin u u m  
s ta te s  a re  show n by d a s h -d o tte d  lines an d  d o tte d  lines, re sp ec tiv e ly  in figure 4.7 
for e lec tric  field value eq u a l to  15. A new  ty p e  of line re su lts  from  th e  co m b in a tio n  
of d a s h -d o tte d  an d  d o tte d  lines shows th e  resonances of th e  well s ta te s  an d  th e  
c o n tin u u m  s ta te s .
T h e  v a ria tio n  of th e  energy  sp e c tru m  as a  fu n c tio n  of e lec tric  field a re  shown 
in th e  figure 4.8. In th is  fan d ia g ra m , tw o k inds of energy  s ta te s  a re  iden tified  
acco rd in g  to  th e  d ispers ion  of th e  curves. W hile  th e  low er h a lf  of th e  well states 
sh ift dow n in energy, th e  u p p e r h a lf  of th e  well states sh ift up  in energy  w ith  th e
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F i g u r e  4 .7 : P o te n tia l energy  d ia g ra m  for a  n o n -z e ro  e lec tric  field 
P oten tial in the well and barrier regions is tilted according to the electric field term  
Fz, and the poten tial a t the buifer layers is taken constan t. D ash -do tted  lines show 
the weU sta tes  and the do tted  lines show the continuum  states.
in c reas in g  e lec tric  field. T h e  energ ies of th e  continuum states below  th e  rig h t h an d  
side buffer layer p o te n tia l have n eg a tiv e  d ispersions. T h ese  tw o k inds of energy  
s ta te s , i.e. well s ta te s  an d  c o n tin u u m  s ta te s , show  a  n u m b e r of an tic ro ssings 
for no n zero  e lec tric  field values as seen in figure 4.8. T h is  is co n s is ten t w ith  
th e  fac t th a t  th e  so lu tions  of ID  S ch rôd inger e q u a tio n  can n o t be d eg en e ra te . 
T h e  c h a ra c te r  of th e  well an d  c o n tin u u m  s ta te s  a re  ana ly zed  in te rm s  of th e  
ab so lu te  sq u ares  of th e ir  w ave fu n c tio n s , in figure 4.9. T h e  well s ta te s  are  
e x te n d e d  over th e  p e rio d ic  p o te n tia l, b u t th e y  b ecom e localized w hen F ^ 0. 
T h e  e x te n t of th e ir  lo ca liza tio n  narrow s dow n w ith  in c reasing  F ,  an d  ev en tu a lly  
becom es confined  to  a  well defined q u a n tu m  well as seen in figure 4 .9a  a n d  b. 
T h e  c o n tin u u m  s ta te s  fa lling  below  th e  p o te n tia l energy  of th e  righ t h an d  buffer
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F i g u r e  4 .8 : T h e  fan d ia g ra m  for th e  fin ite  leng th  su p e r la t tic e  
Field increm ent is 0.1 .
lay er p rese rv e  th e ir  ex te n d e d  c h a ra c te r  in  th e  left h an d  bulFer, b u t decays in th e  
p e rio d ic  reg ion  as show n in figure 4.9c.
S o lu tions  of lin ea r p o te n tia l give a  b e t te r  u n d e rs ta n d in g  of lo ca liza tio n , since 
in th is  w ay one  can se p a ra te  th e  effect o f th e  e lec tric  field an d  th e  well p o te n tia l. 
All so lu tio n s  a re  e x ten d ed  w ith o u t d isp lay in g  any  localiza tion . T h ere fo re  one can 
co nc lude  th a t  p a rtic le s  a re  tra p p e d  by th e  wells u n d e r  th e  ap p lied  e lec tric  field, 
an d  th e y  a re  localized  in th e  well regions.
T h e  field d ep en d en ce  of th e  lo ca liza tio n  is fu r th e r  an a ly zed  by in te g ra tin g  
th e  a b so lu te  sq u are  of th e  w ave fu n c tio n  of a  ce rta in  s ta te . T h e  value of th e  
in teg ra l — f  well is tak en  as th e  deg ree  of localiza tion
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Normalized Distance
F i g u r e  4 .9 : T h e  sq u a red  a m p litu d e  of th e  w ave func tion  
(a) for the s ta te  confined to the well a t the normalized electric field F = 6, (b) for 
the s ta te  confined to  the weU a t the normalized electric field F =  15, and (c) for 
the continuum  s ta te  a t the sam e field, F =  15. All am plitudes are multiplied by 1000.
of th e  s ta te  j  as show n in figure 4.10. T h e  p o te n tia l energy  of each well sh ifts
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F i g u r e  4 .1 0 : L oca liza tion  of th e  w ell s ta te  as a  func tion  of no rm alized  e lec tric  
field.
Localization refers to the integration of the absolute square of the wave function in 
different regions. denotes the weight of in the well, and Bj^ rai B jj are
the weight in the barrier and left hand buffer regions, respectively.
by ±aeF  u n d e r  th e  app lied  e lec tric  field. A t sm all F, th e  energy  of a  p a r tic u la r  
s ta te ,  j  localized  in th e  well rn can overlap  w ith  th e  b and  of o th e r  well s ta te s . 
H ence, th is  s ta te  j  can  evolve from  th e  well m to  th e  a d jacen t wells w ith in  a  
f in ite  t im e  in te rv a l. N everthe less, th e  resonance  c h a ra c te r  of ceases beyond  
a  th re sh o ld  field Fr > E^/ae, an d  th e  lo ca liza tion  in th e  well m  becom es 
co m p le te . A t c e rta in  values o( F {F > Fr) th e  lo ca liza tion  in th e  well m , Wj^ m is 
m o m e n ta r ily  d ecreased  w hile th e  w eight in th e  buffer region is increased . T hese
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p o in ts  co rresp o n d  to  th e  an tic ro ssin g  of co n tin u u m  s ta te s  w ith  th e  well s ta te s  as 
il lu s tra te d  in figure 4.8. T h e  an tic ro ssin g  s ta te s  a re  close in energy  and  hence 
th e y  h y b rid ize ; b o th  have  a  m ixed  c h a ra c te r  being  n e ith e r  localized  nor ex ten d ed  
(See figure 4.11).
T h e  lo ca liza tio n , w hich initicilly increases w ith  in c reas in g  field, passes
th ro u g h  a  m a x im u m  an d  ev e n tu a lly  decreases as th e  value of F  con tinues to  
increase . T h is  b eh av io r occu rs since th e  top  of th e  re c ta n g u la r  b a rr ie r  changes 
in to  a  tr ia n g u la r  b a rr ie r  u n d e r  th e  ap p lied  e lec tric  field. T h e  la rger field 
th e  sh a rp e r  is its  apex . T h e  energy  of th e  s ta te  tpn a lso  ra ises w ith  respect 
to  th e  b o tto m  of th e  well w ith  in c reasing  F  and  beyond  a  c ritica l value it 
becom es confined by th e  tr ia n g u la r  b a rrie r . T here fo re , beyond  a  c ritica l field 
th e  lo ca liza tio n  of th e  s ta te  decreases w ith  decreasing  w id th  of th e  le f t-h a n d  
b a rr ie r .
A n o th e r  a sp ec t of th e  W SL w hich w ere no t ex am in ed  e a rlie r  was th e  d e ta il 
v a ria tio n  of th e  energy  levels ej (F')  w ith  th e  field. As seen in figure 4.8, th e  
energy  of W SL varies first n o n lin ea rly  a t  sm all F; its  v a ria tio n  becom es linear 
on ly  beyond  a  c e rta in  F. T h is  b eh av io r can be u n d e rs to o d  by ev a lu a tin g  th e  
in teg ra l,
fhl2
+ H,)i,j(z)dz. (4.16)
—  Lt j Z
H ere Hq is th e  p e rio d ic  p a r t  of th e  H am ilto n ian  and  U\ is th e  e lec tric  field 
d e p e n d e n t p a r t  of th e  H am ilto n ian  w hich is equal to  —tF z  in  th e  range  —d /2  <
2· <  d /2 , b u t c o n s ta n t o th e rw ise . T h e  field d ep en d en ce  of a  p a r tic u la r  level of 
th e  W SL  can  be o b ta in e d  by using  H e llm a n n -F e y n m a n  theorem^^®’^ ®“
/•^/2 dH
rL/2 dfJ.
(4.17)
R em em b erin g  th e  p o te n tia l d ia g ra m  show n in figure 4.7, Hi can  be w ritten
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Normalized Distance
F i g u r e  4 .1 1 : T h e  ab so lu te  sq u are  of th e  w ave fu n c tio n  of th e  two an tic ro ssin g  
s ta te s
(m ultiplied by 1000) versus for a continuum  s ta te  and the well s ta te  {j = 4) a t 
the point of anticrossing.
as:
{
- i e F
zeF (4.18)
ieF - < z < -  2 ^  ^ ^  2
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w here  <//2 is th e  d is ta n c e  from  th e  orig in  to  th e  buffer layer, an d  e is th e  e lec tron ic  
ch arg e  w ith  po s itiv e  sign. C onsidering  th is  v a ria tio n  of Hi th e  rig h t h an d  side of 
th e  above eq u a tio n  can  be w ritte n  as
de-i d ....................  ¡-(1/2
L/ 2  - - ■ - J - d / 2
_h
dF
y - 'V 2  ■d/  J  rL /2
~ ~2^J-Ln zi>'-(z)i,j{z)iz +  - e i>'(z)^li,{z)dz.
(4.19)
For sm all values of e lec tric  field th e  well s ta te s  have sign ifican t ex tension ; 
th e ir  energ ies d isp lay  n o n lin ea r sh ifts  acco rd ing  to  th e  values of in teg ra l in 
e q u a tio n  4.19. H ow ever, th e  confinem en t to  in d iv id u a l wells is en h an ced  w ith  
inc reasin g  F ,  an d  it is ach ieved  to  a  g re a t e x te n t for F  g re a te r  th a n  Fr , b u t 
less th a n  th e  value beyond  w hich th e  tran sm issio n  to  th e  buffer layer begins to  
increase . T h is  causes th e  first and  th ird  in teg ra ls  in eq u a tio n  4.19 to  van ish , b u t 
th e  e x p e c ta tio n  value of position  in th e  second in teg ra l to  be equal to  th e  position  
of th e  ce n te r  of th e  confin ing well. As a  re su lt , th e  energies of well s ta te s  can  be 
ex p ressed  as
i  iaeF  7 =  fi. 1.2.  · · . .
€j =  E  dz
i — I 2 ‘d ·■ ■ —J   L,  O,  , 2
for odd  N 
for even N
(4.20)
w here  E is th e  average  b and  energy. T h e  ca lc u la te d  slopes from  th e  fan d iag ram  
seen in figure 4 .8a  a re  in good ag reem en t w ith  e q u a tio n  4.20. For th e  low lying 
c o n tin u u m  s ta te s , th e  wave func tion  is on ly  ex te n d e d  in th e  left h an d  buffer layer, 
a n d  th e ir  ex ten sio n  in th e  su p e r la ttic e  reg ion  increases w ith  th e  in c reasing  energy. 
T h e y  a re  e x te n d e d  th ro u g h  th e  w hole sy stem  for very  large energ ies. H ence, first 
te rm  of eq u a tio n  4.19 is d o m in an t for low ly ing  s ta te s  in energy, w hile  all of th e  
th re e  te rm s  c o n tr ib u te  for high energy  s ta te s . T here fo re , th e  slope of th e  energy  
versus th e  e lec tric  field is a p p ro x im a te ly  —de/2 for low est ly ing  s ta te , b u t is zero 
for very  high energy  s ta te s . In betw een  th ese , it increases in p ro p o rtio n  to  th e  
ex ten sio n  of th e  w ave function  in th e  s u p e r la t tic e  region.
T h e  effect of th e  fin ite  buffer layers on b o th  side of th e  m u ltip le  q u a n tu m  
well s t ru c tu re  a re  ex am in ed  by vary ing  th e ir  ex tension . T h e  c o n tin u u m  s ta te s  
a re  d isc re te  ow ing to  th e  fin ite  size of th e  sy stem  b u t th e ir  n u m b e r increases 
w ith  in c reasin g  t, an d  ev en tu a lly  th e y  becom e q u as i-co n tin u o u s  for f > oo.
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F i g u r e  4 .1 2 : L oca liza tion  of th e  well s ta te  versus th e  e lec tric  field a t la rger 
buffer layer len g th .
Buffer layer length t is equal to 5000 A . Same labels are used as figure 4.10
T h e  n u m b e r of an tic ro ssin g s w ith  W SL s ta te s  in th e  fan d ia g ra m  increases w ith  
inc reasing  t as seen in figure 4 . 1 2 . T h e  lo ca liza tion  of th e  well s ta te s  
decreases if €_,· is above th e  p o te n tia l of th e  left h an d  buffer layer (Vo =  14» — |e F )  
ow ing to  th e  sm all s inuso idal e x te n t of i¡)j iov < z <  — In c o n tra s t to  
th a t  th e  lo ca liza tion  o f th e  well s ta te s  a re  u n a lte re d  if th e ir  energ ies lie below 
Vo because  of th e  ex p o n e n tia lly  decay ing  ta il of th e  w ave fun c tio n  in th e  buffer 
region. T h e  e lec tric  field values for w hich th e  s ta te  j  lies below  th e  Vo is given
V4 - F
F .=
J + U  -  1)(ot + 6)j
(4.21)
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T h e  co m p ariso n  of th e  ca lcu la ted  from  eq u a tio n  4.21 w ith  tlie  localiza tion  
curves show s full ag ree m en t.
T h e  n u m b e r  of q u a n tu m  wells Af is a  crucia l p a ra m e te r  for W SL and  has 
been  th e  c e n te r  of d isp u te . For N -^ oo th e  s ta te s  fo rm ing  th e  m in ib a n d  becom e 
co n tin u o u s an d  W.SL is destroyed  acco rd ing  to  som e ea rlie r  w o r k s . H e r e  we 
ad d ress  th is  issue an d  ex am in e  th e  changes in th e  W SL sp e c tru m  as a  resu lt of 
inc reasing  N. T h e  w id th  of th e  m in ib an d  Eb is p ra c tic a lly  unaffec ted , b u t new 
d isc re te  s ta te s  a p p e a r  w ith in  th e  m in ib an d  as a  re su lt of inc reasing  N. A ccord ing  
to  eq u a tio n  4.20 th e  slope of th e  W SL s ta te s  changes w ith  in c reasing  N. A t th e  
sam e tim e , th e  slopes of th e  co n tin u u m  s ta te s  in th e  fan  d ia g ra m  also change 
since th e  e x te n t of th e  w hole sy stem  L is increased  w ith  inc reasing  N. T hese  
tw o changes c o m p e n sa te  each o th e r, an d  th e  an tic ro ssings occu r a t  th e  sam e 
e lec tric  field value, an d  hence th e  localiza tion  curves such  as in figure 4.10 becom e 
in d e p e n d e n t of N a p a r t  from  th e  b o u n d a ry  effects. T h is  re su lt im plies th a t  W SL 
ex ists  for > oo, even it is no t conclusive.
T h e  n u m b e r  of m in ib a n d s  is increased  by inc reasing  w an d  Vw For ex am p le  for 
w =  100 A an d  Vw =  344 m eV , th re e  m in ib an d s  (n  =  1 , 2 ,3 )  occu r in th e  m u ltip le  
q u a n tu m  w ell s tru c tu re . M ost of th e  p rev ious a rg u m e n ts  in th is  s tu d y  ap p ly  to  
th e  m u lti-m in ib a n d  case. In ad d itio n  to  th e  an tic ro ssin g  w ith  c o n tin u u m  s ta te s , 
s ta te s  of d ifferen t m in ib a n d s  an ticross because  of d ifferen t slopes re su ltin g  in th e  
in te rb a n d  m ix in g  and  s ligh t de lo ca liza tio n  co n sis ten t w ith  th e  recen t ex p e rim en ta l 
s t u d y . T h e  ab so lu te  squares of tw o w ave fu nc tions  engage in such an 
an tic ro ssin g  a re  il lu s tra te d  in figure 4.13. T h e  nodal s tru c tu re  of identifies 
th e  b an d  w here  th e  s ta te  j  belongs to . T h e  in te rb a n d  m ix ing  is ev id en t w ith  th e  
secondary  p eak  n ea r th e  m a jo r  peak . T h e  nodal s tru c tu re  of th is  secondary  peak  
also iden tifies th e  c h a ra c te r  of th e  o th e r  b an d  involved  in th e  m ix ing .
T h e  im p o r ta n t findings of p e resen t s tu d y  a re  su m m a rized  by way of 
conclusion: i) In a  fin ite  .system consis ting  perio d ic  m u ltip le  q u a n tu m  well 
s tru c tu re  en d ed  by buffer layers, W SL form s and  beyond  a th resh o ld  field 
s ta te s  a re  confined  to  in d iv id u a l wells. D iscre te  energ ies of th e  s ta te s  fo rm ing  
a m in ib a n d  vary  first non linearly , th e n  linearly  w ith  th e  inc reasing  field. As th e
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F i g u r e  4 .1 3 : T h e  sq u ared  a m p litu d e  of th e  w ave func tion  in m u lti-b a n d  analysis 
|^|·^ (m ultiplied by 1000) versus z for the well s ta te  {j =  2 ) of the second band (a), 
and the well s ta te  (j =  3) of the first band a t the point of anticrossing a t F  =  9.1.
e x te rn a l e lec tric  field increases th e  lo ca liza tion  of W SL s ta te  increases, passes 
th ro u g h  a  m a x im u m  an d  ev en tu a lly  s ta r ts  to  decrease, ii) T h e  c h a ra c te r  of s ta te s
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are  m ix ed  a t th e  p o in t of an tic ro ssin g , iii) P re sen t re su lts  o b ta in e d  from  num erica l 
ca lcu la tio n s  show th a t  W SL  do ex ist in th e  m u ltip le  q u a n tu m  well s tru c tu re  
in c lu d in g  large n u m b e r of wells an d  m u ltip le  m in ib an d  s tru c tu re , iv) T h e  final 
re m a rk  is th a t  th e re  a re  m ix ing  betw een  th e  d ifferen t b an d  s ta te s  a lth o u g h  they  
a re  localized  in d ifferen t well regions. T h e  W a n n ie r-S ta rk  lad d ers  occu r as m any  
as th e  n u m b e r of d ifferen t b an d s a t th e  fin ite sy stem s in case of fin ite  n u m b er of 
b an d s.
Chapter 5
Conclusions
S e m ic o n d u c to r  su p e rla ttic e s  p resen t new  co n cep tu a l ideas a b o u t novel device 
ap p lic a tio n s . D evices fab ric a ted  from  th ese  sy n th e tic  sem ico n d u c to rs  have 
h igh  e lec tro n  m ob ility , very sh o rt response  tim es , and  low pow er co n su m p tio n . 
In a d d itio n  to  th e ir  exce llen t o p tica l p ro p e rtie s , som e of th e  sem ico n d u c to r 
su p e r la t tic e s  (for ex am p le  G aA s/A lA s , p e rh ap s  S i,i/G e,„) a re  cap ab le  of 
co m b in in g  e lec tron ics  w ith  pho ton ics.
Strained Ge„^/Si„ Superlattices
T h e  im p o r ta n t  re su lts  o b ta in e d  from  th e  s tu d y  of th e  p seud o m o rp h ic  G e„i/S i„(001) 
su p e r la t tic e s  can  be su m m arized  as follows:
•  In S i„ /G e „  ( n >  3) th e  d ire c t, in d ire c t gap  decreases w ith  increasing  n. 
T h e  d ifference betw een  th e  d irec t an d  in d ire c t gap  is p o sitive  b u t recedes 
to  0.01 eV  for n = 6. In view  of th is  sm all d ifference one can assum e th a t  
th e  b an d  gap  is qu as i-d irec t. In fac t, for la rge r values of (>  0.57 eV  
for n = 6  and  >  0.69 eV  for i i = 8) th e  b an d  gap  becom es d irec t.
•  B o th  G e e /S i4 and  G ey/Sia s tra in e d  su p e r la ttic e s  have d irec t b and  gaps 
b u t o p tica l m a tr ix  e lem en ts  for co rresp o n d in g  tra n s itio n s  a re  negligible. 
T h is  is in ag reem en t w ith  th e  experim ent,^®  w hich failed to  observe these  
tra n s itio n s .
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•  Possib le  d irec t tra n s itio n s  a re  from  th e  second an d  th ird  valence b an d  s ta te s  
to  th e  first (for 607 / 81.3) and  to  th e  second (for G ee/S i^) co n d u c tio n  band  
s ta te s .
2 D  Systems Solved by Green’s Function
E le c tro n ic  s tru c tu re  of a  sing le q u a n tu m  well an d  t ip -sa m p le  in te ra c tio n  in STM  
is tr e a te d  by using G re e n ’s func tion  m e th o d . An im p o r ta n t a sp e c t to  n o te  th a t  
th e  G re e n ’s function  is ca lc u la te d  once for all to  t r e a t  d ifferen t p rob lem s in th e  
sam e  host la ttic e  (such as d ifferen t dop ing  c o n ce n tra tio n s , d ifferen t dop ing  a tom s, 
e tc ) . O u r conclusions a re  as follow:
•  S ta te s  of th e  p a rab o lic  b an d s in th e  fu n d am e n ta l b and  gap  of th e  host Ge 
a re  confined in th e  i- la y e r .  As th e  b an d  offset an d  th u s  th e  heigh t of th e  
q u a n tu m  well increases, th e  n u m b e r of su b b an d s  increases.
•  T h e  e lec tro n ic  s tru c tu re  of th e  q u a n tu m  well o r i - d o p in g  can  be hand led  
by using  th e  G re e n ’s fu n c tio n  m e th o d . T h e  th e o re tic a l m e th o d  exam plified  
in th is  s tu d y  is conven ien t to  t r e a t  th e  e lec tro n ic  s tru c tu re  of i- la y e r ,  in 
p a r tic u la r , m e ta l (^-layer by using th e  se lf-co n s is te n t field tig h t b ind ing  
m e th o d  (w ith  a  gaussian  o rb ita l basis set or w ith o u t any  specific form  of 
o rb ita ls ) .
-  T h e  e lec tron  sh ee t, in p a r tic u la r  2D e lec tro n  gas, localizes th e  acoustic  
m odes due  to  e le c tro n -p h o n o n  in te ra c tio n  even in th e  presence 
of un ifo rm  la ttic e  ch a ra c te ris tic s  across th e  h e te ro s tru c tu re . T he  
confined m odes p ro p ag a te  a long th e  sh ee t and  decay  aw ay from  it. 
T h e  acoustic  waves a re  acco m p an ied  w ith  th e  charge waves.
-  T h e  sp lit tin g  of th e  m odes from  th e  bulk  phonons increases w hen wave 
v ec to r (j increases and  reaches a  m a x im u m  a t q =  2kp, th e n  th e  sp lit te d  
m odes are  converged  to  th e  bulk  phonons w ith  inc reasing  <7.
-  A d d itio n a l fea tu res  of th e  confined m odes arise  for th e  case of several 
e lec tro n  sheets .
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— T h e  confinem en t effect can be sign ifican t for th e  m e d ia  w ith  s tro n g  
e le c tro n -p h o n o n  in te ra c tio n , la rge effective m ass of e lec trons, h igh 
co n c e n tra tio n  and  low te m p e ra tu re .
•  T ip -s a m p le  in te ra c tio n  in STM  s tu d y  of Si (100) su rface  is analyzed  by 
G re e n ’s fu n c tio n  app ro ach . A d ip  occurs in th e  change of density  of s ta te s , 
AN , of tip  a to m  a t o rb ita l energy. S im ilarly , a  d ip  occurs in AN  of 
su rface  a to m s a t th e  energy  of su rface s ta te s  for sm all t ip -sa m p le  d is tances , 
an d  it decreases w ith  increasing  tip -sa m p le  sep a ra tio n . A lthough , in ­
p lan e  tip  position  (above th e  up- or d o w n -su rface  a to m ) affects th e  su rface 
a to m s  d ifferen tly  in buck led  d im er m odel, it influences th e  surface a to m s 
sy m m e tric a lly  in sy m m e tric  d im er m odel.
Electric Field Effect.s
R ece n t e x p e r im e n ta l s tu d ie s  revea led  th e  sign ifican t in fo rm atio n  on th e  W a n n ie r-  
S ta rk  lo ca liza tio n . Follow ing th ese  e x p e rim e n ta l re su lts , we solved th e  
S ch röd inger e q u a tio n  for th e  fin ite  len g th  su p e rla ttic e s  u n d e r an  app lied  e lec tric  
field num erica lly . T h e  im p o r ta n t findings of th is  s tu d y  a re  sum nu irized  by way 
of conclusion:
•  In a  fin ite  sy stem  consisting  perio d ic  m u ltip le  q u a n tu m  well s tru c tu re  ended  
by buffer layers, W SL form s and  beyond  a  th re sh o ld  field s ta te s  a re  confined 
to  in d iv id u a l wells. D iscre te  energ ies of th e  s ta te s  form ing  a m in ib an d  
vary  first non linearly , th e n  linearly  w ith  th e  inc reasing  e lec tric  field. T h e  
v a ria tio n  can be re la te d  to  th e  e lec tric  field by H e llm an n -F ey n m a n  theo rem . 
T h e  ca lcu la ted  slopes a re  co n sis ten t w ith  th e  re su ltin g  E -(- maeF te rm .
•  T h e  s ta te s  w hich a re  o rig inally  d ifferen t a t  zero  e lec tric  field (q u a n tu m  well 
s ta te s  an d  co n tin u u m  s ta te s )  change th e ir  c h a ra c te r is tic s  a t fin ite e lec tric  
field. W hile  th e  well s ta te s  a re  localized  in th e  well regions u n d er an  
a p p lie d  e lec tric  field, c o n tin u u m  s ta te s  p reserves th e ir  ex ten d ed  ch ara c te r. 
Q u a n tu m  well s ta te s  (m in ib a n d  s ta te s )  a re  ex te n d e d  a t zero e lec tric  field.
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B u t th e ir  ex tension  a re  d ecreased  w ith  th e  inc reased  e lec tric  field. For 
ex am p le , w avefunctions a re  ex te n d e d  only  over a  th ree  well region for 
e lec tric  field equa l to  iOkVfcrn. A t th e  end , a f te r  a  ce rta in  field value, 
th e y  a re  localized  w ith in  a single q u a n tu m  well region.
— T h is  loca liza tion  is due  to  th e  tra p p in g  of e lec tro n s by wells. S o lu tions 
of lin ear p o te n tia l (only  e lec tric  field) show  no localiza tion .
•  In te g ra tio n  of sq u are  of w avefunctions in well, b a rr ie r  an d  buffer layers 
gives h in ts  a b o u t th e  localiza tion . L oca liza tion  of W SL s ta te  increases in 
th e  co rresp o n d in g  well regions by th e  inc reasing  ap p lied  e lec tric  field, passes 
th ro u g h  a  m a x im u m  an d  ev en tu a lly  s ta r ts  to  decrease .
•  A t som e field values, th e re  a re  d rops in th e  loca liza tion  in th e  well regions 
w hile  th e  localiza tion  in th e  buffer layer is increased . T hese  p o in ts  are  
th e  an tic ro ssin g  p o in ts  of a  well s ta te  an d  a  co n tin u u m  s ta te , w here th e  
c h a ra c te r  of s ta te s  a re  m ixed  d u e  to  th e  h y b rid iza tio n  of these  s ta te s .
•  In creasin g  th e  buffer layer leng th  is increased  th e  n u m b e r of co n tin u u m  
s ta te s , so th e  h y b rid iza tio n  occurs m ore  frequen tly . In th is  case, th e  
lo ca liza tion  in well regions decreases.
•  N u m b e r of well s ta te s  is inc reased  w ith  th e  inc reased  n u m b e r of wells. 
T h e  slopes a re  changed  co n sis te n t w ith  maeF  w hen th e  n u m b e r of wells 
inc reases, b u t th e  localiza tion  curves a re  th e  sam e a p a r t from  th e  b o u n d a ry  
effects u n d e r th e  app lied  field.
•  O ne can  p lay  w ith  th e  n u m b e r of m in ib an d s  by chang ing  th e  heigh t of 
q u a n tu m  wells. M u ltib a iid  ca lcu la tio n s  show th a t  th e re  is a  m ix ing  betw een 
th e  d ifferen t b an d  s ta te s  a lth o u g h  th e y  a re  localized  in d ifferen t well regions.
•  B riefly, re su lts  o b ta in e d  from  num erica l ca lcu la tio n s  show th a t  W SL do 
ex is t in th e  m u ltip le  q u a n tu m  well s tru c tu re  in c lu d in g  large n u m b e r of 
wells an d  m u ltip le  m in ib an d  s tru c tu re .
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